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Fundamental theorem of arithmetic

Theorem 1. [Fundamental theorem of arithmetic] integer n > 2 can be factored

uniquely into products of primes, 1i.e., exist distinct primes, p1, ..., pg, and ey, ..., e €
N such that

— 1,62 €k
n=pipy Py
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Fundamental theorem of algebra

Theorem 2. [Fundamental theorem of algebra] every non-constant single-variable
polynomial with complex coefficients has at least one complex root, or equivalently, (the
field of complex numbers) is algebraically closed, or equivalently, every non-zero, single-
variable, degree n polynomial with complex coefficients has, counted with multiplicity,
exactly n complex roots.

e the fundamental theorem of algebra, also called d’Alembert’s theorem or the
d’Alembert—Gauss theorem

e despite its name, not fundamental for modern algebra; named when algebra was
synonymous with the theory of equations
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Fundamental theorem of calculus

Theorem 3. [Fundamental theorem of calculus]

e first fundamental theorem of calculus - for continuous real-valued function f : [a,b] —
R, function F : [a, b] — R defined by F(x) = [ f(¢t)dt is uniformly continuous on
la, b] and differentiable on open interval (a, b) and

F'(z) = f(x)
for all x € (a,b), hence F' is antiderivative of f

e second fundamental theorem of calculus or Newton-Leibniz theorem - for real-valued
function f : [a, b] — R and continuous function F : [a, b] — R which is antiderivative
of f in (a,b), i.e. F'(x) = f(x), if f is Riemann integrable on [a, b], then

/ f(z)dz = F(b) — F(a)
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Fundamental theorem of calculus for line integrals

Theorem 4. [gradient theorem] /ine integral through a gradient field can be evaluated
by evaluating the original scalar field at the endpoints of the curve, i.e., if o : X — R is
differentiable function and ~y is curve in X C R which starts at point p € R" and ends
at point ¢ € R", then

/Vgp(aﬁ)Td:U = ¢(q) — ¢(p)

Y

e generalization of the second fundamental theorem of calculus of Fundamental theorem
of calculus
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Fundamental theorem of cyclic groups

Theorem 5. [Fundamental theomre of cyclic groups] every subgroup of a cyclic
group is cyclic; moreover, for finite cyclic group of order n, every subgroup’s order is
a divisor of n, and exists exactly one subgroup for each divisor.
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Fundamental theorem of equivalence relations

Theorem 6. [Fundamental theorem of equivalence relations] equivalence relation ~

on set X partitions X ; conversely, corresponding to any partition of X, exists equivalence
relation ~ on X
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Fundamental theorem of finite abelian groups

Theorem 7. [Fundamental theorem of finite abelian groups] every finite abelian
group can be expressed as direct sum of cyclic subgroups of prime-power order, i.e.,
any finite abelian group GG is isomorphic to direct sum of form

@ (Z/kiZ)

in either of the following canonical ways

e numbers k1, . .., ky are powers of (not necessarily distinct) primes

e ki divides ko, which divides k3, and so on up to k,

e also known as basis theorem for finite abelian groups
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Fundamental theorem of finitely generated abelian groups

e Fundamental theorem of finitely generated abelian groups generalizes Fundamental
theorem of finite abelian groups in two ways

Theorem 8. [Fundamental theorem of finitely generated abelian groups]

e primary decomposition - every finitely generated abelian group is isomorphic to a direct
sum of primary cyclic groups and infinite cyclic groups, i.e., every finitely generated
abelian group GG is isomorphic to group of form

G=2"0®(Z/nZ)® - & (Z/aZ)

where n > 0 is rank, and numbers q1, . . ., q; are powers of (not necessarily distinct)
prime numbers; in particular, G is finite if and only if n = 0, values of n, q1, ..., q:
are (up to rearranging indices) uniquely determined by G, i.e., exists one and only one
way to represent G as such decomposition
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e invariant factor decomposition - can also write any finitely generated abelian group G
as direct sum of form

G=2"®(Z/kiZ)D - ®(Z/k,Z)
where k1 divides ko, which divides k3 and so on up to k,; again, rank n and invariant

factors ki, . . ., ky are uniquely determined by G (here with a unique order); rank and
sequence of invariant factors determine group up to isomorphism
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Fundamental theorem for Galois theory

Theorem 9. [Fundamental theorem for Galois theory] for finite Galois extension,
K/k

- map H — K" induces isomorphism between set of subgroups of G(K /k) & set of
intermediate fields

- subgroup, H, of G(K /k), is normal if and only if K /k is Galois

- for normal subgroup, H, o +— o| K" induces isomorphism between G(K/k)/H
and G(K*" /k)
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Fundamental theorem on homeomorphisms

Theorem 10. [Fundamental theorem on homeomorphisms] for two groups G and H
and group homeomorphism f : G — H, normal subgroup N C G, natural surjective
homeomorphism ¢ : G — G /N if N is subset of Ker f, exists unique homeomorphism
h: G/N — H such that

f=hooy
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Fundamental theorem of ideal theory in number fields

Theorem 11. [Fundamental theorem of ideal theory in number fields] every nonzero
proper ideal in ring of integers of number field admits unique factorization into product of

nonzero prime ideals; in other words, every ring of integers of number field is Dedekind
domain
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Fundamental theorem of linear algebra

Theorem 12. [rank-nullity theorem] number of columns of matrix M is sume of rank
of M and nullity of M, or equivalently, dimension of domain of linear transformation f is
sum of rank of f (dimension of image of f) and nullity of f (dimension of kernel of f)
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Fundamental theorem of linear programming

Theorem 13. [Fundamental theorem of linear programming] for linear program

minimal clx

subject to Ax < b

if P = {x € R"|Ax < b} is bounded polyhedron (hence polytope) and =" is optimal
solution, then x™ is either extreme point (i.e., vertex) of P or lies on some face of P

Searching for Universal Truths - Math Stories - Fundamental Theorems 19



Sunghee Yun August 4, 2025

Fundamental theorem of symmetric polynomials

Theorem 14. [Fundamental theorem of symmetric polynomials] for every commutative

ring A, denote ring of symmetric polynomials in variables X1, . .., X, with coefficients
in A by A[X1,...,Xn]°", which is polynomial ringt in n elementary symmetric
polynomials ey (X1,...,X,) for kK = 1,...,n, then every symmetric polynomial
P(X1,...,X,) € A[X1, ..., X,]°" has unique representation
P(Xl, “ .. ,Xn) = Q(el(Xl, “ .. ,Xn), o .. ,€n(X1, “ .. ,Xn))

for some polynomials Q € A[Y1, ..., Yy], orequivalently, ring homeomorphism that sends
Y toep(Xq,...,X,) fork = 1,...,n defines an isomorphism between A[Y1, ..., Y,]
and A[X1, ..., X"
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Dualities

e duality
— ‘“very pervasive and important concept in (modern) mathematics”

— “important general theme having manifestations in almost every area of mathematics”

e dualities appear in many places in mathematics, e.g.

— dual of normed space is space of bounded linear functionals on the space (page 385)

— dual cones and dual norms are defined (Definition 164 & Definition 165)

— can define dual generalized inequalities using dual cones (Proposition 36)

— can find necessary and sufficient conditions for K-convexity using dual generalized
inequalities (Proposition 41)

— duality can be observed even in fundamental theorem for Galois theory, i.e.,
G(K/E) ++ E & H + K" (Theorem 50)

— exist dualities in continuous / discrete functions in time domain and continuous /
discrete functions in frequency domain, i.e., as in Fourier Transformation
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e However, never fascinated more than duality appearing in optimization, e.g.,

— properties such as weak duality (Definition 195) and strong duality (Definition 197)

— dual problem provides some bound for the optimal value of the original problem,
hence certificate of suboptimality!

— constraint qualifications such as Slater’s condition (Theorem 84) guarantee strong
duality!
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Notations

® sets of numbers

— N - set of natural numbers

— Z - set of integers

— Z - set of nonnegative integers

— Q - set of rational numbers

— R - set of real numbers

— R, - set of nonnegative real numbers
— R - set of positive real numbers

— C - set of complex numbers

e sequences (x;) and the like
— finite (x;),_,, infinite (x;),~, - use (x;) whenever unambiguously understood
— similarly for other operations, e.g., > x;, [ z:, UA;, NA;, X A;
— similarly for integrals, e.g., [ f for [ _f
® sets
— A - complement of A
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- A~B-ANB

- AAB-(ANB)U(ANB)

— P(A) - set of all subsets of A
® sets in metric vector spaces

— A - closure of set A
— A° - interior of set A
— relint A - relative interior of set A

— bd A - boundary of set A
e set algebra

— 0(.A) - o-algebra generated by A, i.e., smallest o-algebra containing .4
e norms in R"

= llzll, (p > 1) - p-norm of & € R™, iie., (lza|” + - - - + |zn|?)'/?

— e.g., ||x||2 - Euclidean norm
e matrices and vectors

— a; - 1-th entry of vector a
— A;j - entry of matrix A at position (%, j), i.e., entry in ¢-th row and j-th column
— Tr(A) -traceof A € R™™", e, Ay1+ -+ Ann
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e symmetric, positive definite, and positive semi-definite matrices
— S" C R™™" - set of symmetric matrices
— S C S" - set of positive semi-definite matrices; A = 0 & A € S”
— S, C S" - set of positive definite matrices; A > 0 < A € S" |
e sometimes, use Python script-like notations (with serious abuse of mathematical
notations)
— use f: R— Rasifitwere f: R" — R", e.g.,

exp(z) = (exp(x1),...,exp(z,)) forx € R"

and
log(x) = (log(x1), .. .,log(x,)) forxz € R
which corresponds to Python code numpy.exp(x) or numpy.log(x) where x is
instance of numpy.ndarray, i.e., numpy array
— use 3" x to mean 17z for x € R", i.e.

Zm=w1+---+wn

which corresponds to Python code x.sum() where x is numpy array
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— use x/y for x,y € R" to mean

[ wl/yl

T /Un |

August 4, 2025

which corresponds to Python code x / y where x and y are 1-d numpy arrays
— use X/Y for X, Y € R™*" to mean

X11/Yi1  Xi2/Yie
Xo1/Y2,1 Xo9/Yo9

| Xm,l/Ym,l Xm,Q/Ym,Q

which corresponds to Python code X / Y where X and Y are 2-d numpy arrays
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Some definitions

Definition 1. [infinitely often - i.0.] statement P,, said to happen infinitely often or

l.o. if
(VN € N) (dn > N) (Py)

Definition 2. [almost everywhere - a.e.] statement P(x), said to happen almost
everywhere or a.e. or almost surely or a.s. (depending on context) associated with
measure space (X, B, p) if
plz[P(r)} =1
or equivalently
plz| ~ P(x)} =0
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Some conventions

e (for some subjects) use following conventions

—0-c0o=00-0=0

— (Vz eER;y)(x-00 =00 2 = 00)

-0 -0 =00

Searching for Universal Truths - Math Stories - Duality 29



Algebra



Inequalities



Sunghee Yun August 4, 2025

Jensen’s inequality

e strictly convex function: for any x # y and 0 < « < 1 (Definition 166)

af(x) + (1 —a)f(y) > flaz+ (1 - a)y)

e convex function: for any z,y and 0 < o < 1 (Definition 166)

af(z) + (1 —-a)f(y) 2 flax + (1 - a)y)

Inequality 1. [Jensen’s inequality - for finite sequences] for convex function f and
distinct x; and 0 < o; < 1 witho1 + - = o, = 1

o1f(xr) + -+ anf(zn) 2> floxr + -+ - + anzy)

e if f is strictly convex, equality holds if and only if x; = - - - = x,
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Jensen’s inequality - for random variables

e discrete random variable interpretation of Jensen's inequality in summation form -
assume Prob(X = ;) = «;, then

Ef(X)=af(z1) + -+ anf(zn) 2 flarzr 4 -+ - + anwn) = f(EX)

e true for any random variables X

Inequality 2. [Jensen’s inequality - for random variables] for random vector X
(page 471 for definition)

Ef(X) > f(EX)

if probability density function (PDF) px given,

[ 1@px@ds > ¢ ( / xpx(:t)d:c)
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Proof for n = 3

e forany z,y,zand o, B8,y >0witha+8+~v=1

af @)+ BIW) +7£() = (a+8) (5ol @) + Lt @) + )

IV

(a+B)f ( 3 +By> + vf(2)

(e (5 aisy) v)

= flaz + By + vz)

'V
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Proof for all n
® use mathematical induction

— assume that Jensen's inequality holds for 1 < n < m
— fordistinct z; and a; >0 (1 <i<m—41)withas +- -4+ apmr1 =1

m-+1 m m
D_aif(m) = D o)) < ol @) > + a1 f (Zm1)
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1st and 2nd order conditions for convexity

e 1st order condition (assuming differentiable f : R — R) - f is strictly convex if and
only if for any x # y

fy) > f(2) + f'(2)(y — )
e 2nd order condition (assuming twice-differentiable f : R — R)

— if f"(x) > 0, f is strictly convex

— f is convex if and only if for any x

() >0
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Jensen’s inequality examples

o f(x) = x? is strictly convex

a2—|—b2> <a+b>2
2 - 2

o f(x) = x" is strictly convex

a* + b S (a—l—b>4
2 - 2
f(x) = exp(x) is strictly convex

exp(a) +exp(b) | (a + b)

5 =

e equality holds if and only if a = b for all inequalities

Searching for Universal Truths - Algebra - Inequalities
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1st and 2nd order conditions for convexity - vector version

e 1st order condition (assuming differentiable f : R" — R) - f is strict convex if and

only if for any =,y

fy) > f(2) + V() (y - =)
where V f(x) € R" with Vf(x); = 0f(xz)/0x;

e 2nd order condition (assuming twice-differentiable f : R — R)

— if V2f(x) = 0, f is strictly convex

— f is convex if and only if for any x

V(@) = 0
where V2 f(x) € R™™" is Hessian matrix of f evaluated at z, i.e., V>f(x);; =
0’ f(x)/0x;0x;
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Jensen’s inequality examples - vector version

e assume f : R" — R

o f(x) = |z||2 =1/> x? is strictly convex
(llallz + 2[[bll2)/3 = [[(a + 20) /3|,

— equality holds if and only if a = b € R"

o f(z)=|zl, =] lz:|P)? (p > 1) is strictly convex

k

k
1 i 1 i
- (Z H:v”Hp> > (=D "
i=1 i=1 »
— equality holds if and only if sV =...=z® ¢ R"
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AM > GM
e foralla,b >0
b
a;— > Vab

— equality holds if and only if a = b

e below most general form holds
Inequality 3. [AM-GM inequality] foranyn a; > 0and o; > O withoy+- - -4+, =
1
aja + -+ apa, > a(fl---a,gn
where equality holds if and only if a1 = - - - = a,

e let's prove these incrementally (for rational «;)
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Proof of AM > GM - simplest case

e use fact that z > 0 for any z € R

e forany a,b >0

(Va—vb)?*>0
a® — 2vVab +b* > 0

<~
& a—+b>2Vvab
b
a—2|— > Vab

— equality holds if and only if a = b

Searching for Universal Truths - Algebra - Inequalities

August 4, 2025

41



Sunghee Yun August 4, 2025

Proof of AM > GM - when n =4 and n = 8

e foranya,b,c,d >0

b d  2Vab+2ved Vab+ Ved
@+ ZCJF > C”Z @ _ a; “C > \/Vabved = Vabed

— equality holds if and only if a = b and ¢ = d and ab = cd if and only if

a=b=c=d
o likewise, for ay,...,ag > 0
a; + ---+asg N Vaias + \/asas + \/asas + y/aras
8 - 4
> é/\/a1a2\/a3a4\/a5a6\/a7af8
— 8 al .« . a8
— equality holds if and only if a1 = - - - = ag
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Proof of AM > GM - when n = 2™

e generalized to cases n = 2™

1/2™

2™ 2™
Z a; /2m Z H a;
a=1 a=1

— equality holds if and only if a1 = - - - = aom

® can be proved by mathematical induction
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Proof of AM > GM - when n =3

e proof forn = 3

b b b 3
at+btc  a+t +c+(a+b+c)/ 2<‘/abc(a—|—b—|—c)/3
3 4
b 4
= <a+3—|—c> > abc(a+b+c¢)/3
b 3
& <a+ +C> > abc
3
b
& a+3+62\/3abc

— equality holds if and onlyifa =b=c= (a+ b+ c)/3ifandonlyifa =b =c
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Proof of AM > GM - for all integers

e for any integer n # 2™

e for m such that 2 > n

Gttan et an+ (27— n)(an o +an)/n
n o 2m
Z 277{/0/1...0/”.((a1+...+an)/n)2m—n
2™ 2M_n

<a1—l—---+an> <a1+---+an>
@ Zal...an.
mn T

Searching for Universal Truths - Algebra - Inequalities 45



Sunghee Yun August 4, 2025

Proof of AM > GM - rational ¢;

e given n positive rational a;, we can find n natural numbers g; such that

o, =

L3
N
where g1 + -+ g, = N

e for any m positive a; € R and positive n a; € Q with a1 + - - -+ a,, = 1

Q1a1+"'+Qnan N 1o
alal—l_.'._'_ana/n: N 2 agl.-.agln:all..-agn

— equality holds if and only if a1 = - - - = a,
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Proof of AM > GM - real ¢;

e exist n rational sequences {5; 1, Bi2, ...} (1 < ¢ < n) such that

Brj+ -+ Bn;=1Vj=>1

J—00

e forall y
B1.; By, i
J n,j
Bl,jal _I_ .« e _|_ /Bn’ja/n Z al ce s Qp
hence
o > b Bla] Bn?]
lim (B1ja1 + -+ Bnjan) 2 lim a;™ - -ap
J—00 J—00
«
& aiar+ ot apan > atocal”

e cannot prove equality condition from above proof method
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Proof of AM > GM using Jensen’s inequality

e (—log) is strictly convex function because

T og(a)) = L <—1> -1 >0

dx? dx T T2

e Jensen's inequality implies for a; > 0, a; > 0 with > a; = 1

~tog ([Tai") = = 3108 (a) = Y anllog(a) > —log (3 ava)

e (— log) strictly monotonically decreases, hence [T a;? < > aya;, having just proved

an

x
arar + -+ apa, > ayl - -ay

where equality if and only if a; are equal (by Jensen’s inequality’s equality condition)
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Cauchy-Schwarz inequality

Inequality 4. [Cauchy-Schwarz inequality] for any a;,b; € R

(@i + -+ ap)(b; + - +b3) > (arbi + -+ + agby)”

e middle school proof
D (tai+b)">0VteR
& t°) ai+2t» abi+ » b >0VteR
& A:(Zaibif—?jafy:b?go

— equality holds if and only if 3t € R, ta; + b; =0 forall 1 <7 < n

Searching for Universal Truths - Algebra - Inequalities 49



Sunghee Yun August 4, 2025

Cauchy-Schwarz inequality - another proof

e x> 0 forany z € R, hence
DD (abj —ab)’ >0
t g
& Y > (ajb; — 2aa;bb; + ajb;) >0
(A
& ZZ& —|—ZZ& —222@@761) > 0
& 22 Zb —QZab Zajb >0

2
S Y ary bl— <Zaibi) > 0
i j i
— equality holds if and only if a;b; = a;b; forall1 < 7,57 < n
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Cauchy-Schwarz inequality - still another proof

o foranyx,y € Randa,8 >0witha+ =1
(ax — By)” = a’z” + B°y" — 20fxy
=a(l —B)z’ + (1 — a)By” — 2aBzy > 0
& az’+ By’ > afaz’ + aBy’ + 20Bzy = aB(z + y)°
& ' /a+y’ /B> (z+y)
e pluginz =a;, y=b, a =A/(A+ B), 3= B/(A+ B) where A = /> a?,
B = /> b2
> (ai/a+b;/B8) > (ai+ b))’ < (A+B)* > A+ B*+2) ab

& AB > Zaibi@ffBQ > (Zaibi>2<:>$:a?$:b? > (Zaibi)Q
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Cauchy-Schwarz inequality - proof using determinant

e almost the same proof as first one - but using 2-by-2 matrix determinant
Z(azai +yb)° >0V x,yeR
< xQZa?—|—2a}yZaibi—|—y22b? >0Vzxz,y€eR

o [ y][zzaaz o 15 zovayer

Sai > ab
S aibi b

— equality holds if and only if

=

(Jz,y € Rwith xy # 0) (za; + yb;, =0 V1 < i < n)

e allows beautiful generalization of Cauchy-Schwarz inequality

Searching for Universal Truths - Algebra - Inequalities
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Cauchy-Schwarz inequality - generalization

e want to say something like > (za; + yb; + zc; + wd; + - - - )?

e run out of alphabets . .. - use double subscripts

Z(wlAu + x0A2; 4+ - + iBmAm,i)2 >0Vx €R

=1
= Z(azTai)2 = Z :cTaia;TF:E =zl (Z am?) x>0V axeR™
=1 =1 =1
ST AL, Y Ay o Y AviAng
- > iy AriAg ST AT e Y AgiAn >0
S ALiAms Y AsiAp o Do AL
where a; = [ Al,i <o Am,i }T - Rm

— equality holds if and only if 3z #0 € R™, 2’a;, =0 forall 1 < i <n
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Cauchy-Schwarz inequality - three series of variables

® letm =3

b D aic
' ° Sbic; | =0

i DS bici Y. cf

= Y ch —|—22ab ZchZczaz

> Z a? (Z bici) - Z b? (Z aic,) + Z c? (Z

2
azbi)

August 4, 2025

— equality holds if and only if dx,y, 2z € R, xa; + yb; + zc;, =0 forall 1 <1 < n

® questions for you

— what does this mean?

— any real-world applications?
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Cauchy-Schwarz inequality - extensions

Inequality 5. [Cauchy-Schwarz inequality - for complex numbers] fora;, b, € C

Z |a;]” Z [bs|* > ‘Z a;b;

Inequality 6. [Cauchy-Schwarz inequality - for infinite sequences] for two complex
infinite sequences {a;),—, and (b;);-,

oo O 0
Z|ai|22|bz‘|2 > Zaibi
i=1 i=1 i=1

Inequality 7. [Cauchy-Schwarz inequality - for complex functions] for two complex

functions f, g : [0,1] — C
[1s2 1o = | [ 19

e note that all these can be further generalized as in page 53

2

2

2
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Integers

e integers (Z)-...—2,—1,0,1,2,...
— first defined by Bertrand Russell

— algebraic structure - commutative ring

addition, multiplication defined, but divison not defined

addition, multiplication are associative

multiplication distributive over addition

addition, multiplication are commutative

e natural numbers (N)

- 1,2,...
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Division and prime numbers

e divisors forn € N
{d € N|d divides n}

® prime numbers

— p is primes if 1 and p are only divisors
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Fundamental theorem of arithmetic

Theorem 15. [fundamental theorem of arithmetic] integer n > 2 can be factored

uniquely into products of primes, i.e., exist distinct primes, p1, ..., px, and ey, ..., e €
N such that

_ 61,62 €k
n_p1p2 pk

e hence, integers are factorial ring (Definition 72)
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Elementary quantities

e greatest common divisor (gcd) (of a and b)

gcd(a, b) = max{d|d divides both a and b}

— for definition of gcd for general entire rings, refer to Definition 74

e least common multiple (Ilcm) (of a and b)

lcm(a,b) = min{m/|both a and b divides m}

e a and b coprime, relatively prime, mutually prime < gcd(a,b) = 1
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Are there infinite number of prime numbers?

o yesl!

e proof

— assume there only exist finite number of prime numbers, e.g., p1 < p2 < -+ - < Pn

— but then, p1-p2 - - - p,,+ 1 is prime, but which is greater than p,,, hence contradiction
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Integers modulo n

Definition 3. [modulo] when n divides a — b, a, said to be equivalent to b modulo n,
denoted by

b (mod n)

a

read as “a congruent to b mod n”

e a =b(mod n) and ¢ = d (mod n) imply
—a+c=b+d (modn)
— ac = bd (mod n)

Definition 4. [congruence class] classes determined by modulo relation, called
congruence or residue class under modulo

Definition 5. [integers modulo n] set of equivalence classes under modulo, denoted by
, called integers modulo n or integers mod n
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Euler’'s theorem

Definition 6. [Euler’s totient function] forn € N,

o) =i —p e —Dp* ' =n [ a-1/p)

prime p dividing n

called Euler's totient function, also called Euler (p-function

o cg,p(12) = p(22-3") =1.2".2.3" =4, p(10) = p(2'-5') =1-2°.4.5° =4
Theorem 16. [Euler’s theorem - number theory] for coprime n and a

a?™ =1 (mod n)
e c.g., 5" =1 (mod 12) whereas 4* = 4 # 1 (mod 12)

e FEuler's theorem underlies RSA cryptosystem, which is pervasively used in internet
communication
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Number theory & cryptography - XXX

e at the core of cryptography lies number theory, classical topic of mathematics!
o XXX
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Why abstract algebra?

e it's fun!

e can understand instrict structures of algebraic objects

e allow us to solve extremely practical problems (depending on your definition of
practicality)
— e.g., can prove why root formulas for polynomials of order n > 5 do not exist

e prepare us for pursuing further math topics such as

— differential geometry
— algebraic geometry
— analysis

— representation theory

— algebraic number theory
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Some history

e by the way, historically, often the case that application of an idea presented before
extracting and presenting the idea on its own right

e c.g., Galois used “quotient group” only implicitly in his 1830’s investigation, and it had
to wait until 1889 to be explicitly presented as “abstract quotient group” by Holder
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Monoids

Definition 7. [law of composition] mapping S X S — S for set S, called law of
composition (of S to itself)

- when (Vx,y,z € S)((xy)z = x(yz)), composition is said to be associative

- e € S such that (Vx € S)(ex = xe = x), called unit element - always unique

Proof: for any two unit elements e and f, e = ef = f, hence, e = f

Definition 8. [monoids] set M with composition which is associative and having unit
element, called monoid (so in particular, M is not empty)

- monoid M with (VYz,y € M) (xy = yx), called commutative or abelian monoid

- subset H C M which has the unit element e and is itself monoid, called submonoid
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Groups

Definition 9. [group] monoid G with
(Ve € G) (Jy € G) (xy = yx = e)

called group

forx € G,y € G with xy = yx = e, called inverse of x

group derived from commutative monoid, called abelian group or commutative group

group G with |G| < oo, called finite group

(similarly as submonoid) H C G that has unit element and is itself group, called
subgroup

subgroup consisting only of unit element, called trivial
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Cyclic groups, generators, and direct products

Definition 10. [cyclic groups] group G with
(da € G) (Vz € G) (In € N) (z = a")

called cyclic group, such a € GG called cyclic generator

Definition 11. [generators] for group G, S C G with
(Vx € G) (x is arbitrary product of elements or inverse elements of S)

called set of generators for G, said to generate (G, denoted by

Definition 12. [direct products] for two groups G, and G2, group G X G5 with

(V(x1, x2), (Y1, ¥2) € G1 X G2) ((z1, 22) (Y1, ¥2) = (T1y1, T2, Y2) € G1 X Ga)

whose unit element defined by (e1, es) where e1 and es are unit elements of G1 and G»
respectively, called direct product of G; and G5
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Homeomorphism and isomorphism

Definition 13. [homeomorphism] for monoids M and M', mapping f : M — M’
with f(e) = €'

(x,y € M) (f(zy) = f(z)f(y))

where e and €’ are unit elements of M and M’ respectively, called monoid-homeomorphism
or simple homeomorphism

group homeomorphism f : G — G’ is similarly monoid-homeomorphism

homeomorphism f : G — G’ where exists g : G — G’ such that fog: G — G’
and go f : G — G are identity mappings, called isomorphism, sometimes denoted

by
homeomorphism of GG into itself, called endomorphism

isomorphism of G onto itself, called automorphism

e set of all automorphisms of G is itself group, denoted by
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Kernel, image, and embedding of homeomorphism

Definition 14. [kernel of homeomorphism] for group-homeomorphism f : G — G’
where €’ is unit element of G', f~'({e'}), which is subgroup of G, called kernel of f,
denoted by

Definition 15. [embedding of homeomorphism] homeomorphism f : G — G’
establishing isomorphism between G and f(G) C G’, called embedding

Proposition 1. [group homeomorphism and isomorphism]

for group-homeomorphism f : G — G', f(G) C G' is subgroup of G’

homeomorphism whose kernel is trivial is injective, often denoted by special arrow

f:G— G

surjective homeomorphism whose kernel is trivial is isomorphism

for group G, its generators S, and another group G', map f : S — G’ has at most
one extension to homeomorphism of G into G’
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Orthogonal subgroups

Proposition 2. [orthogonal subgroups] for group G and two subgroups H and K C G
with HK = G, HN K = {e}, and (x € H,y € K) (zy = yx),

f:Hx K —G

with (x,y) — xy is isomorphism

can generalize to finite number of subgroups, Hy, . .., H,, such that
Hy---H, =G

and
Hk;_|_1 M (Hl e Hk;) = {6}

in which case, GG is isomorphic to Hy - - - H,,
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Cosets of groups

Definition 16. [cosets of groups] for group G and subgroup H C G, aH for some
a € G, called left coset of H in (G, and element in aH, called coset representation of
aH - can define right cosets similarly

Proposition 3. [cosets of groups] for group G and subgroup H C G,

- fora € GG, x — ax induces bijection of H onto aH, hence all left cosets have same
cardinality

-aHNbH # () fora,b € G impliesaH = bH
- hence, GG is disjoint union of left cosets of H

- same statements can be made for right cosets

Definition 17. [index and order of group] number of left cosets of H in G, called
index of H in (G, denoted by - index of trivial subgroups, called order of G,
denoted by
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Indices and orders of groups

Proposition 4. [indices and orders] for group G and two subgroups H and K C G
with K C H,

(G:H)(H:K)=(G:K)

when K is trivial, we have
(G:H)H:1)=(G:1)

(proof can be found in Proof 1)
hence, if (G : 1) < oo, both (G : H) and (H : 1) divide (G : 1)
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Normal subgroup
Definition 18. [normal subgroups] subgroup H C G of group G with

(Vz € G) (zH = Hz) < (Vz € G) (a:Ha:_l - H)

called normal subgroup of G, in which case

- set of cosets {xH|x € G} with law of composition defined by (xH)(yH) =
(xy)H, forms group with unit element H, denoted by , called factor group of
G by H, read G modulo H or G mod H

- © — x H induces homeomorphism of X onto {xH|x € G}, called canonical map,
kernel of which is H

Proposition 5. [normal subgroups and factor groups]

- kernel of (every) homeomorphism of G is normal subgroups of G
for family of normal subgroups of G, {Ny), (| INa is also normal subgroup
every subgroup of abelian group is normal

factor group of abelian group is abelian

factor group of cyclic group is cyclic
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Normalizers and centralizers

Definition 19. [normalizers and centralizers] for subset S C G of group G,
{z € GlzSz™" = S}

is subgroup, called normalizer of S, and also called centralizer of a when S = {a} is
singletone;

{z € G|(Vy € S)(zyz™ ' =y)}

called centralizer of S, and centralizer of GG itself, called center of GG

e cg, A det A of multiplicative group of square matrices in R"*" into R ~ {0} is
homeomorphism, kernel of which called special linear group, and (of course) is normal
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Normalizers and congruence

Proposition 6. [normalizers of groups] subgroup H C G of group G is normal
subgroup of its normalizer N g

subgroup H C G of group GG is normal subgroup of its normalizer N g
subgroup K C G with H C K where H is normal in K is contained in Ng
for subgroup K C Ny, KH is group and H is normal in K H

normalizer of H is largest subgroup of G in which H is normal

Definition 20. [congruence with respect to normal subgroup] for normal subgroup
H C G of group GG, we write
x =y (mod H)

if tH = yH, read x and y are congruent modulo H - this notation used mostly for
additive groups

Searching for Universal Truths - Abstract Algebra - Groups 80



Sunghee Yun August 4, 2025

Exact sequences of homeomorphisms

Definition 21. [exact sequences of homeomorphisms] below sequence of homeomorphisms
with Im f = Ker g

Vel f aQ g Q'
said to be exact

below sequence of homeomorphisms with Im f; = Ker f;11

fo—
G1£>G2£>G3—>n—;Gn

said to be exact

e for normal subgroup H C G of group GG, sequence H ENYeI GG/ H is exact where
7 is inclusion and ¢

e 0 G L a5 G = 0is exact if and only if f injective, g surjective, and
Im f = Kerg
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o if H=Kergabove, 0 > H—~G—G/H — 0

e more precisely, exists commutative diagram as in the figure, in which vertical mappings
are isomorphisms and rows are exact

i g

O _ G/ _ > G _ > G// > 0

A

O — H — G — G/H — 0
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Canonical homeomorphism examples

all homeomorphisms described below called canonical

e for two groups G & G’ and homeomorphism f : G — G’ whose kernel is H, exists
unique homeomorphism f, : G/H — G’ with

f=1Ffiop

where ¢ : G — G/ H is canonical map, and f, is injective

— f.« can be defined by tH — f(x)

— f. said to be induced by f

— f« induces isomorphism A : G/H — Im f
— below sequence summarizes above statements

GAHG/HDImf LG
where 7 is inclusion
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e for group G, subgroup H C G, and homeomorphism f : G — G’ whose kernel
contains H, intersection of all normal subgroups containing H, N, which is the smallest
normal subgroup containing H, is contained in Ker f, i.e., N C Ker f, and exists
unique homeomorphism, f. : G/N — G’ such that

J=f«00p

where ¢ : G — G/ H is canonical map

— f« can be defined by N — f(x)
— f. said to be induced by f

e for subgroups of G, H and K with K C H, x K — x H induces homeomorphism of
G /K into G/ H, whose kernel is {x K |x € H}, thus canonical isomorphism

(G/K)/(H/K) = (G/K)

this can be shown in the figure where rows are exact
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O — H — G —G/H— 0
tcan Jcan \ id
O —H/K —G/K — G/H — 0

e for subgroup H C G and K C G with H contained in normalizer of K, H N K is
normal subgroup of H, H K = K H is subgroup of 7, exists surjective homeomorphism

H— HK/K
with £ — x K, whose kernel is H N K, hence canonical isomorphism
H/(HNK) ~ HK/K
e for group homeomorphism f : G — G’, normal subgroup of G’, H’,
H=jf"H)CG
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as shown in the figure,

G — G

fUH) —— H
H is normal in G and kernel of homeomorphism
¢ha%a/H
is H where ¢ is canonical map, hence we have injective homeomorphism
f:G/H —- G'/H'

again called canonical homeomorphism, giving commutative diagram in the figure; if f
Is surjective, f is isomorphism
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A E

O — H — ¢ —G/H— 0
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Towers

Definition 22. [towers of groups] for group G, sequence of subgroups
G=GyDG DGyD: DGy

called tower of subgroups

e said to be normal if every GG; 11 is normal in G,
e said to be abelian if normal and every factor group G;/G;11 is abelian
e said to be cyclic if normal and every factor group G;/G 1 is cyclic

Proposition 7. [towers inded by homeomorphism] for group homeomorphism f
G — G’ and normal tower

G=G,DG DG,D---DG,

m

tower
FUE) = FHG) D fH(G) D FH(G) D+ D fTHG,)

IS
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e normal if G; form normal tower
e abelian if G} form abelian tower

e cyclic if G, form cyclic tower

because every homeomorphism
/ /
Gi/Giy1 — G;/G, 4

IS injective
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Refinement of towers and solvability of groups

Definition 23. [refinement of towers] for tower of subgroups, tower obtained by
inserting finite number of subgroups, called refinement of tower

Definition 24. [solvable groups] group having an abelian tower whose last element is
trivial subgroup, said to be solvable

Proposition 8. [finite solvable groups]

- abelian tower of finite group admits cyclic refinement

- finite solvable group admits cyclic tower, whose last element is trivial subgroup

Theorem 17. [Feit-Thompson theorem] group whose order is prime power is solvable

Theorem 18. [solvability condition in terms of normal subgroups] for group G and
its normal subgroup H, G is solvable if and only if both H and G/ H are solvable
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Commutators and commutator subgroups

1

Definition 25. [commutator] for group G, zyx 'y~ ' for z,y € G, «called

commutator

Definition 26. [commutator subgroups] subgroup generated by commutators of group
(7, called commutator subgroup, denoted by , 1.€.

GY = ({zyz 'y Mz, y € G})

e G% is normal in G
e G/GC is commutative

e GC is contained in kernel of every homeomorphism of G into commutative group

(proof can be found in Proof 2) of above statements

® commutator group is at the heart of solvability and non-solvability problems!
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Simple groups

Definition 27. [simple groups] non-trivial group having no normal subgroup other than
itself and trivial subgroup, said to be simple

Proposition 9. [simple groups] abelian group is simple if and only if cycle of prime
order
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Butterfly lemma

Lemma 1. [butterfly lemma - Zassenhaus] for subgroups U and V' of a group and
normal subgroups w and v of U and V' respectively,

w(U Nw) is normal in w(U N'V)

(u N V)v is normal in (U NV)wv

and factor groups are isomorphic, i.e.,
w(UNV)/u(UnNnv)= (UNnV)v/(unV)v

these shown in the figure

e indeed
UnNnV)/((unV)UnNwv)) = w(UNV)/u(UnNv)x= (UNV)v/(unV)v

Searching for Universal Truths - Abstract Algebra - Groups 93



Sunghee Yun August 4, 2025

uNV UnNwo
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Equivalent towers

Definition 28. [equivalent towers] for two normal towers of same height starting from
same group ending with trivial subgroup

G=G13GQDG3D°"DGn+1={€}
G=HyD>Hy;DHsD---D Hp1 = {e}
with

Gi/Git1 ~ Hw(i)+1/H7r(i)

for some permutation m € Perm({1,...,n}), i.e., sequences of factor groups are same
up to isomorphisms and permutation of indices, said to be equivalent
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Schreier and Jordan-Holder theorems

Theorem 19. [Schreier theorem] two normal towers starting from same group and
ending with trivial subgroup have equivalent refinement

Theorem 20. [Jordan-Holder theorem] all normal towers starting from same group
and ending with trivial subgroup where each factor group is non-trivial and simple are
equivalent

Searching for Universal Truths - Abstract Algebra - Groups 96



Sunghee Yun August 4, 2025

Cyclic groups

Definition 29. [exponent of groups and group elements] for group G, n € N with

a" = e for a € G, called exponent of a; n € N with x" = e for every x € G, called
exponent of (G

Definition 30. [period of group elements] for group G and a € G, smallest n € N
with a™ = e, called period of a

Proposition 10. [period of elements of finite groups] for finite group G of order n >
1, period of every non-unit element a (# e) devided n; if n is prime number, G is cyclic
and period of every generator is n

Proposition 11. [subgroups of cyclic groups] every subgroup of cyclic group is cyclic
and image of every homeomorphism of cyclic group is cyclic
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Properties of cyclic groups

Proposition 12. [properties of cyclic groups]

1

- infinity cyclic group has exactly two generators; if a is one, a” = is the other

- for cyclic group G of order n and generator x, set of generators of G is

{z™|m is relatively prime to n}

- for cyclic group G and two generators a and b, exists automorphism of G mapping
a onto b; conversely, every automorphism maps a to some generator

- for cyclic group G of order n and d € N dividing n, exists unique subgroup of order
d

- for cyclic groups GG1 and G5 of orders n and m respectively with n and m relatively
prime, G1 X G4 is cyclic group

- for non-cyclic finite abelian group G, exists subgroup isomorphic to C' X C with C
cyclic with prime order
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Symmetric groups and permutations

Definition 31. [symmetric groups and permutations] for nonempty set S, group G
of bijective functions of S onto itself with law of composition being function composition,
called symmetric group of S, denoted by ; elements in Perm(S) called
permutations of S; element swapping two disjoint elements in S leaving every others left,
called transposition

Proposition 13. [sigh homeomorphism of finite symmetric groups] for finite symmetric
group S, exits unique homeomorphism € : S,, — {—1, 1} mapping every transposition,
T,to—1, i.e,e(t) = —1

Definition 32. [alternating groups] element of finite symmetric group o with (o) =
1, called even, element o with e(oc) = —1, called odd; kernel of €, called alternating
group, denoted by

Theorem 21. [solvability of finite symmetric groups] symmetric group S,, with n >
5 Is not solvable

Theorem 22. [simplicity of alternating groups] alternating group A, withm > 5 is
simple
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Operations of group on set

Definition 33. [operations of group on set] for group G and set S, homeomorphism
7w : G — Perm(S)

called operation of G on S or action of G on S

- S, called G-set
- denote m(x) for x € G by m,, hence homeomorphism denoted by

e obtain mapping from such operation, G X S — S, with (x, s) — m.(s)

e often abbreviate 7, (s) by xs, with which the following two properties satisfied
- (Vz,y € G,s € 5) (z(ys) = (zy)s)
- (Vs € S5) (es = s)

e conversely, for mapping G X S — S with (x, s) — xs satisfying above two properties,
s — xs is permutation for x € G, hence 7, is homeomorphism of GG into Perm(.S)

e thus, operation of GG on S can be defined as mapping S X GG — S satisfying above
two properties
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Conjugation

Definition 34. [conjugation of groups] for group G and map v, : G — G with
v.(y) = xyx ™', homeomorphism

G — Aut(Q) defined by x — ~,
called conjugation, which is operation of G on itself

® ., called inner
e kernel of conjugation is center of G

e to avoid confusion, instead of writing xy for v, (y), write
—1 T —1 T
V2(y) =xyz  ="yand v,-1(y) =z yr =y

o for subset A C G, map (x, A) — xAx~' is operation of G on set of subsets of G
e similarly for subgroups of GG
e two subsets of G, A and B with B = x Az "' for some & € G, said to be conjugate
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Translation

Definition 35. [translation] operation of G on itself defined by map

(z,y) — zy

called translation, denoted by with T,(y) = xy

e for subgroup H C G, T,,(H) = xH is left coset

— denote set of left cosets also by G/ H even if H is not normal

— denote set of right cosets also by H\G

e examples of translation

— G = GL(V), group of linear automorphism of vector space with field F', for
which, map (A, v) — Av for A € G and v € V defines operation of G on V
- G is subgroup of group of permutations, Perm (V")

— for V. = F", G is group of nonsingular n-by-n matrices
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Isotropy

Definition 36. [isotropy] for operation of group G on set S
{z € G|zs = s}
called isotropy of G, denoted by (-., which is subgroup of G

e for conjugation operation of group GG, GG, is normalizer of s € G
e isotropy groups are conjugate, e.qg., for s, s’ € S and y € G with ys = s/,

Gy = szy_l
e by definition, kernel of operation of G on S is

K=()G,CG

sesS

e operation with trivial kernel, said to be faithful
o s € G with Gy, = G, called fixed point
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Orbits of operation

Definition 37. [orbits of operation] for operation of group G on set S, {zs|z € G},
called orbit of s under (G, denoted by

e for x,y € G in same coset of G, xs = ys, i.e. (Iz € G) (z,y € 2zG;) & s =
ys

e hence, mapping G/Gs; — S with x — G is morphism of G-sets, thus

Proposition 14. for group G, operating on set S and s € S, order of orbit Gs is equal
to index (G : Gy)

Proposition 15. for subgroup H of group GG, number of conjugate subgroups to H is
index of normalizer of H in G

Definition 38. [transitive operation] operation with one orbit, said to be transitive
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Orbit decomposition and class formula

e orbits are disjoint
S=1]]Gsa

where s are elements of distinct orbits

Formula 1. [orbit decomposition formula] for group G operating on set S, index set
A whose elements represent distinct orbits

S| =) (G:Gy)

AEA

Formula 2. [class formula] for group G and set C C G whose elements represent
distinct conjugacy classes

(G:1) =) (G:G,)

xzeC
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Sylow subgroups

Definition 39. [sylow subgroups] for prime number p, finite group with order p™ for
some n > 0, called p-group; subgroup H C G of finite group G with order p™ for some
n > 0, called p-subgroup; subgroup of order p" where p" is highest power of p dividing
order of GG, called p-Sylow subgroup

Lemma 2. finite abelian group of order divided by prime number p has subgroup of order
p

Theorem 23. [p-Sylow subgroups of finite groups] finite group of order divided by
prime number p has p-Sylow subgroup

Lemma 3. [number of fixed points of group operations] for p-group H, operating
on finite set S

- number of fixed points of H is congruent to size of S modulo p, 1i.e.
# fixed points of H = |S| (mod p)

- if H has exaxctly one fixed point,
- if p divides | S|, |S| = 0 (mod p)

S| =1 (mod p)

7
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Sylow subgroups and solvability

Theorem 24. [solvability of finite p-groups] finite p-group is solvable; if it is non-
trivial, it has non-trivial center

Corollary 1. for non-trivial p-group, exists sequence of subgroups

where G; is normal in G and G;41/G; is cyclic group of order p

Lemma 4. [normality of subgroups of order p] for finite group G and smallest prime
number dividing order of G p, every subgroup of index p is normal

Proposition 16. [solvability of groups of order pq] group of order pq with p and q
being distinct prime numbers, is solvable

e now can prove following
— group of order, 35, is solvable - implied by Proposition 8 and Proposition 12
— group of order less than 60 is solvable
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Direct sums and free abelian groups
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Finitely generated abelian groups
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The dual group
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Inverse limit and completion
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Categories and functors
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Free groups
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Dihedral groups

Definition 40. [dihedral groups] for n > 3, rigid movement of regular n-gon using
symmetries and rotations (in arbitrary orders for arbitrary number of times) such that result
fits into original regular n-gon, called dihedral group, denoted by

o XXX
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Rings

Definition 41. [ring] set A together with two laws of composition called multiplication
and addition which are written as product and sum respectively, satisfying following
conditions, called ring

- A is commutative group with respect to addition - unit element denoted by

- A is monoid with respect to multiplication - unit element denoted by

- multiplication is distributive over addition, 1i.e.
(Vz,y,z € A) (z+y)z =2zt yz & 2(z + y) = 2z + 2y)

do not assume 1 # 0
e can prove, e.g.,
— (Vx € A)(Ox =0) because Ox +x = 0x 4+ 1l = (0+ 1)z = 1z ==
—if1 =0, A= {0} because x = 1z = 0x = 0
- (Vz,y € A) ((—z)y = —(zy)) because zy + (—z)y = (zr + —z)y =0y =0

Definition 42. [subring] subset of ring which itself is ring with same additive and
multiplicative laws of composition, called subring
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More on ring

Definition 43. [multiplicative group of invertible elements of ring]  subset U of
ring A such that every element of U has both left and right inverses, called group
of units of A or group of invertible elements of A, sometimes denoted by

Definition 44. [division ring] ring with 1 # 0 and every nonzero element being
invertible, called division ring

Definition 45. [commutative ring] ring A with (Vx,y € A) (xy = yx), called
commutative ring

Definition 46. [center of ring] subset C C A of ring A such that
C ={a € AlVx € A,za = ax}

is subring, and is called center of ring A
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Fields

Definition 47. [field] commutative division ring, called field
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General distributivity

e general distributivity - for ring A, (x;);_, C A and (y;);_, C A
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Ring examples

e for set S and ring A, set of all mappings of S into A Map(S, A) whose addition and
multiplication are defined as below, is ring (proof can be found in Proof 3)

(Vf, 9 € Map(S, A)) (Vo € S) ((f + g)(z) = f(z) + g(z))
(Vf,g9 € Map(5, A)) (Vo € S) ((fg)(z) = f(z)g(x))

- additive and multiplicative unit elements of Map(S, A) are constant maps whose
values are additive and multiplicative unit elements of A respectively

— Map(S, A) is commutative if and only if A is commutative
— for set S, Map(S, R) (page 24) is a commutative ring

e for abelian group M, set End(M ) of group homeomorphisms of M into itself is ring
with normal addition and mapping composition as multiplication (proof can be found in
Proof 4)

- additive and multiplicative unit elements of End (M) are constant map whose value
is the unit element of M and identity mapping respectively
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— not commutative in general

e for ring A, set A[X] of polynomials over A is ring, (Definition 75)

o for field K, K"*", i.e., set of n-by-n matrices with components in K, is ring

— (K”X") , t.e., multiplicative group of units of K"*", consists of non-singular
matrices, i.e., those whose determinants are nonzero
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Group ring

Definition 48. [group ring] for group G and field K, set of all formal linear

combinations erG a,xr with a, € K where a, are zero except finite number of
them where addition is defined normally and multiplication is defined as

Z Ay Z byy | = y: y: azbyTy

red yelG ze(@ TY=z2

called group ring, denoted by

- D _4y=- Quby above defines what is called convolution product
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Convolution product

Definition 49. [convolution product] for two functions f, g on group GG, convolution
(product), denoted by , defined by

(fx9)(2) = > f(@)f(y)

TY==2

as function on group G

- one may restrict this definition to functions which are O except at finite number of
elements

o for f,g € L*(R), can define convolution product f x g by
(F )@ = [ @ =pa)dy
— satisfies all axioms of ring except that there is not unit element
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— commutative (essentially because R is commutative)

e more generally, for locally compact group G wiht Haar measure p, can define convolution
product by

(f * 9)(@) = /G F (™) du(y)
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Ideals of ring

Definition 50. [ideal] subset a of ring A which is subgroup of additive group of A with
Aa C a, called left ideal; indeed, Aa = a because A has 1; right ideal can be similarly
defined, i.e., aA = a; subset which is both left and right ideal, called two-sided ideal or
simply ideal

e forring A, (0) are A itself area ideals

Definition 51. [principal ideal] for ring A and a € A, left ideal Aa, called principal
left ideal

- a, said to be generator of a = Aa (over A)

Definition 52. [principal two-sided ideal] AaA, called principal two-sided ideal where
AaA = U {Zaziayi T, Y; € A}

i=1 \ i=1
Lemma 5. [ideals of field] only ideals of field are the field itself and zero ideal
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Principal rings

Definition 53. [principal ring] commutative ring of which every ideal is principal and
1 # 0, called principal ring

e Z (set of integers) is principal ring (proof can be found in Proof 5)

k[X] (ring of polynomials) for field k is principal ring
e ring of algebraic integers in number field K is not necessarily principal
— let p be prime ideal, let R, be ring of all elements a/b with a,b € R and b & p,
then R, is principal, with one prime ideal m, consisting of all elements a /b as above
but with a € p
e let A be set of entire functions on complex plane, then A is commutative ring, and
every finitely generated ideal is principal
— given discrete set of complex numbers {z;} and nonnegative integers {m,;}, exists
entire function f having zeros at z; of multiplicity m; and no other zeros
— every principal ideal is of form A f for some such f
— group of units A™ in A consists of functions having no zeros
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Ideals as both additive and multiplicative monoids

e ideals form additive monoid
— for left ideals a, b, ¢ of ring A, a 4 b is left ideal, (a +b) +¢ = a+ (b + ¢), hence
form additive monoid with (0) as the unit elemenet
— similarly for right ideals & two-sided ideals
e ideals form multiplicative monoid
— for left ideals a, b, ¢ of ring A, define ab as

o OS5

=1 =1

T € a,y; € b}

then ab is also left ideal, (ab)c = a(bc), hence form multiplicative monoid with A
itself as the unit elemenet; for this reason, this unit element A, i.e., the ring itself,

often written as (1)
— similarly for right ideals & two-sided ideals

e ideal multiplication is also distributive over addition
e however, set of ideals does not form ring (because the additive monoid is not group)
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Dedekind ring

e XXX Lang p88
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Generators of ideal

Definition 54. [generators of ideal] for ring A and a4, ...,a, C A, set of elements

of A of form ,
>
i=1

with x; € A, is left ideal, denoted by , called generators of the left ideal;
similarly for right ideals

e above equal to smallest ideals containing a;, t.e., intersection of all ideals containing a;

mal,...,anéaa

(proof can be found in Proof 6) - just like set (o-)algebras in set theory on page 228
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Entire rings

Definition 55. [zero divisor] for ring A, x,y € A withx # 0, y # 0, and xzy = 0,
said to be zero divisors

Definition 56. [entire ring] commutative ring with no zero divisors for which 1 # 0,
said to be entire; entire ring, sometimes called integral domain

Lemma 6. [every field is entire ring] every field is entire ring
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Ring-homeomorphism

Definition 57. [ring-homeomorphism]|  mapping of ring into ring f : A — B such
that f is monoid-homeomorphism for both additive and multiplicative structure on A and
B, i.e.,

(Va,b € A) (f(a+0b) = f(a) + f(b) & f(ab) = f(a)f (D))

and

F(1)=1& £(0) =0

called ring-homeomorphism; kernel, defined to be kernel of f viewed as additive
homeomorphism

e kernel of ring-homeomorphism f : A — B is ideal of A (proof can be found in Proof 7)
e conversely, for ideal a, can construct factor ring A/a
e simply say “homeomorphism” if reference to ring is clear

Proposition 17. [injectivity of field homeomorphism] ring-homeomorphism  from
field into field is injective (due to Lemma 5)
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Factor ring and canonical map

Definition 58. [factor ring and residue class] for ring A and an ideal a C A, set of
cosets x + a for x € A combined with addition defined by viewing A and a as additive
groups, multiplication defined by (x + a)(y + a) = xy + a, which satisfy all requirements
for ring, called factor ring or residue class ring, denoted by ; cosets in A/a, called
residue classes modulo a, and each coset x + a called residue class of x modulo a

e for ring A and ideal a
— for subset S C a, write S = 0 (mod a)

— forx,y € A, ifx —y € a, write z = y (mod a)
— ifa=(a)fora € A, forx,y € A, ifx —y € a, write z = y (mod a)

Definition 59. [canonical map of ring] ring-homeomorphism of ring A into factor ring
Ala
A— Afa

called canonical map of A into A/a
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Factor ring induced ring-homeomorphism

Proposition 18. [factor ring induced ring-homeomorphism]  for ring-homeomorphism
g : A — A" whose kernel contains ideal a, exists unique ring-homeomorphism
g« : A/a — A’ making diagram in the figure commutative, i.e., g* o f = g where f is
the ring canonical map f : A — A/a

9

A/
N
Ala

e the ring canonical map f : A — A/a is universal in category of homeomorphisms
whose kernel contains a

A
f
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Prime ideal and maximal ideal

Definition 60. [prime ideal] for commutative ring A, ideal p # A with A/p entire,
called prime ideal or just prime;

e equivalently, ideal p £ Ais primeifandonlyif (Vx,y € A) (xy Ep = x Epory € p)

Definition 61. [maximal ideal] for commutative ring A, ideal m # A such that

(VidealaC A)(mCa=a=A)

called maximal ideal

Lemma 7. [properties of prime and maximal ideals] for commutative ring A

every maximal ideal is prime

every ideal is contained in some maximal ideal
ideal {0} is prime if and only if A is entire
ideal m is maximal if and only if A/m is field

inverse image of prime ideal of commutative ring homeomorphism is prime
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Embedding of ring
Definition 62. [ring-isomorphism] bijective ring-homeomorphism (Definition 57) s
iIsomorphism

e indeed, for bijective ring-isomorphism f : A — B, exists set-theoretic inverse g : B —
A of f, which is ring-homeomorphism

Lemma 8. [image of ring-homeomorphism is subring] image f(A) of ring-homeomorphism
f + A — B is subring of B (proof can be found in Proof 8)

Definition 63. [embedding of ring]  ring-isomorphism between A and its image,
established by injective ring-homeomorphism f : A — B, called embedding of ring

Definition 64. [induced injective ring-homeomorphism] for ring-homeomorphism
f: A— A andideal a’ of A, injective ring-homeomorphism

A/f ) = A')d
called induced injective ring-homeomorphism
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Characteristic of ring

e for ring A, consider ring-homeomorphism

AN:Z — A

such that
A(n) = ne

where e is multiplicative unit element of A

— kernel of X\ is ideal (n) for some n > 0, i.e., ideal generated by some nonnegative
integer n

— hence, canonical injective ring-homeomorphism Z/nZ — A, which is ring-
isomorphism between Z/nZ and subring of A

— when nZ is prime ideal, exist two cases; either n = 0 or n = p for prime number p

Definition 65. [characteristic of ring] ring A with {0} as prime ideal kernel above,
said to have characteristic O; if prime ideal kernel is pZ for prime number p, A, said to
have characteristic p, in which case, A contains (isomorphic image of) Z/pZ as subring,
abbreviated by F,
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Prime fields and prime rings

e field K has characteristic O or p for prime number p

e K contains as subfield (isomorphic image of)
— Q if characteristic is O

— F, if characteristic is p

Definition 66. [prime field] in above cases, both Q and F,, called prime field (contained
in K); since prime field is smallest subfield of K containing 1 having no automorphism
other than identity, identify it with Q or F,, for each case

Definition 67. [prime ring] in above cases, prime ring (contained in K') means either
integers Z if K has characteristic O or F,, if K has characteristic p
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Z/nZ

e Zisring
e every ideal of Z is principal, i.e., either {0} or nZ for some n € N (refer to page 126)

e ideal of Z is prime if and only if is pZ for some prime number p € N

— pZ is maximal ideal

Definition 68. [ring of integers modulo n] Z/nZ, called ring of integers modulo n;
abbreviated as mod n

e Z/pZ for prime p is field and denoted by
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Euler phi-function

Definition 69. [Euler phi-function] for n > 1, order of divison ring of Z/nZ, called
Euler phi-function, denoted by ; If prime factorization of n is

n — p(lal P pir
with distinct p; and e; > 1

e1—1 er—
en) =pt (pr—1)---p (pr — 1)

Theorem 25. [Euler’s theorem] for x prime to n

¢ =1 (mod n)
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Chinese remainder theorem

Theorem 26. [Chinese remainder theorem] for ring A and n ideals a;, ... a, (n >
2)witha7;—|—aj :AfOra//?,#j

(Vz1,...,2, € A)(Tx € A) (V1 < i< n)(x =x; (mod q;))

Corollary 2. [isomorphism induced by Chinese remainder theorem] for ring A, n
ideals ay, ...a, (mn > 2) with a; + a; = A for all i # j, and map of A into
product induced by canonical maps of A onto A/a; for each factor, i.e.,

f:A=]]A/

f is surjective and Ker f = () a;, hence, exists isomorphism

A/ Na; =~ HA/C%
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Isomorphism of endomorphisms of cyclic groups

Theorem 27. [isomorphism of endomorphisms of cyclic groups] for cyclic group A
of order n, endomorphisms of A into A with x — kx for k € Z induce

- ring isomorphism
Z/nZ ~ End(A)

- group isomorphism
(Z/nZ)" ~ Aut(A)
where (Z/nZ)* denotes group of units of Z/nZ (Definition 43)

® c.g., for group of n-th roots of unity in C, all automorphisms are given by

£ s £F

for k € (Z/nZ)"
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Irreducibility and factorial rings

Definition 70. [irreducible ring element] for entire ring A, non-unit non-zero element
a € A with
(Vb,c € A) (a = bc = b or c is unit)

said to be irreducible

Definition 71. [unique factorization into irreducible elements] for entire ring A,
element a € A for which, exists unit u and irreducible elements, p1, ..., pr in A

such that
a=u]]p

and this expression is unique up to permutation and multiplications by units, said to have
unique factorization into irreducible elements

Definition 72. [factorial ring] entire ring with every non-zero element has unique
factorial into irreducible elements, called factorial ring or unique factorization ring
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Greatest common divisor

Definition 73. [devision of entire ring elements] for entire ring A and nonzero
elements a,b € A, a said to divide b if exists ¢ € A such that ac = b, denoted

by

Definition 74. [greatest common divisor] for entire ring A and a,b € A, d € A
which divides a and b and satisfies

(Ve € A) (cla & c|b = c|d)

called greatest common divisor (g.c.d.) of @ and b

Proposition 19. [existence of greatest common divisor of principal entire rings] for
principal entire ring A and nonzero a,b € A, ¢ € A with (a,b) = (c) is g.c.d. of a
and b

Theorem 28. [principal entire ring is factorial] principal entire ring is factorial
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Why (ring of) polynomials?

e lays ground work for polynomials in general

e needs polynomials over arbitrary rings for diverse purposes

— polynomials over finite field which cannot be identified with polynomial functions in
that field

— polynomials with integer coefficients; reduce them mod p for prime p
— polynomials over arbitrary commutative rings

— rings of polynomial differential operators for algebraic geometry & analysis

® c.g., ring learning with errors (RLWE) for cryptographic algorithms
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Ring of polynomials

e exist many ways to define polynomials over commutative ring; here'’s one

Definition 75. [polynomial] for ring A, set of functions from monoid S = {X"|r €
Z,r > 0} into A which are equal to 0 except finite number of elements of S, called
polynomials over A, denoted by

e for every a € A, define function which has value a on X", and value O for every other
element of S, by a X"

e then, a polynomial can be uniquely written as
F(X)=aoX’+ -+ a, X"

forsomen e€Z,, a;, € A

® a;, called coefficients of f
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Polynomial functions

Definition 76. [polynomial function] for two rings A and B with A C B and f €
A[X] with f(X) =ao+ a1 X + -+ -+ a, X", map fp : B — B defined by

fe(z) =ap+ a1z + -+ apz”

called polynomial function associated with f(X)

Definition 77. [evaluation homeomorphism] for two rings A and B with A C B and
b € B, ring homeomorphism from A[X] into B with association, evy : f — f(b),
called evaluation homeomorphism, said to be obtained by substituting b for X in f

e hence, for x € B, subring A[x] of B generated by = over A is ring of all polynomial
values f(x) for f € A[X]

Definition 78. [variables and transcendentality] for two rings A and B with A C B,
if © € B makes evaluation homeomorphism ev, : f +— f(x) isomorphic, x, said to be
transcendental over A or variable over A

e in particular, X is variable over A
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Polynomial examples

e consider & = v/2 and {a + ba|a,b € Z}, subring of Z[a] C R generated by a.
— « is not transcendental because f(a) = 0 for f(X) = X? — 1

— hence kernel of evaluation map of Z[X] into Z[«] is not injective, hence not
isomorphism

— indeed
Zla] = {a +bala,be Z}
e consider F, for prime number p

— f(X) = X? — X € F,[X] is not zero polynomial, but because 2”~" = 1 for every
nonzero x € F, by Theorem 25 (Euler's theorem), ¥ = « for every x € F,, thus
for polynomial function, pr, pr(:U) = O for every x in F,

— 1.e., hon-zero polynomial induces zero polynomial function
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Reduction map

e for homeomorphism ¢ : A — B of commutative rings, exists associated
homeomorphisms of polynomial rings A[X] — B|[X] such that

FX) =D aX' = > pla)X' = (of)(X)

Definition 79. [reduction map] above ring homeomorphism f +— @ f, called reduction
map

® c.g., for complex conjugate ¢ : C — C, homeomorphism of C[X] into itself can be
obtained by reduction map f +— ¢ f, which is complex conjugate of polynomials with
complex coefficients

Definition 80. [reduction of f modulo p] for prime ideal p of ring A and surjective
canonical map ¢ : A — A/p, reduction map pf for f € A[X], sometimes called
reduction of f modulo p
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Basic properties of polynomials in one variable

Theorem 29. [Euclidean algorithm]  for set of all polynomials in one variable of
nonnegative degrees A[X| with commutative ring A

(Vf,g € A[X] with leading coefficients of g unit in A)
(dq,r € A[X] with degr < degg) (f = qg9 + r)

Theorem 30. [principality of polynomial ring] polynomial ring in one variable k[X|
with field k is principal

Corollary 3. [factoriality of polynomial ring]  polynomial ring in one variable k[X]
with field k is factorial
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Constant, monic, and irreducible polynomials

Definition 81. [constant and monic polynomials] k£ € k[X] with field k, called
constant polynomial; f(x) € k[X] with leading coefficient 1, called monic polynomial

Definition 82. [irreducible polynomials] polynomial f(x) € k[X] such that
(Vg(X), h(X) € E[X]) (f(X) = g(X)h(X) = g(X) € k or h(X) € k)

said to be irreducible
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Roots or zeros of polynomials

Definition 83. [root of polynomial] for commutative ring B, its subring A C B, and
f(x) € A[X] in one variable, b € B satisfying

f(b) =0

called root or zero of f

Theorem 31. [number of roots of polynomial] for field k, polynomial f € k[X] in

one variable of degree n > 0 has at most n roots in k; if a is root of f ink, X — a
divides f(X)
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Induction of zero functions

Corollary 4. [induction of zero function in one variable]  for field k and infinite
subset T' C k, if polynomial f € k[X] in one variable over k satisfies

(Va € k) (f(a) =0)
then f(0) = 0, i.e., f induces zero function

Corollary 5. [induction of zero function in multiple variables] for field k and n
infinite subsets of k, (Si>?:1, if polynomial in n variables over field k satisfies

(Va; € S; for1 <i<n)(f(ai,...,a,) =0)

then f = 0, i.e., f induces zero function

Corollary 6. [induction of zero functions in multiple variables - infinite fields] if
polynomial in n variables over infinite field k induces zero function in k(”), f=0

Corollary 7. [induction of zero functions in multiple variables - finite fields] if polynomial

in n variables over finite field k of order q, degree of which in each variable is less than q,
induces zero function in k™, f=0
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Reduced polynomials and uniqueness

e for field k with g elements, polynomial in n variables over k can be expressed as

f(X1,...,X,) = Zainial . XZ’L,n

;11, c ey <V@n>21 where a; € kand v; ; > 0O

® because X! = X, for any X;, any v;; > g can be (repeatedly) replaced by
vij — (¢ — 1), hence f can be rewritten as

for finite sequence, (a;);-,, and (v; 1)

273 Himn
FOX0 o X)) = D aX) e X
where 0 < p; ; < g forall 2, 3

Definition 84. [reduced polynomials] above polynomial, called reduced polynomial,
denoted by

Corollary 8. [uniqueness of reduced polynomials] for field k with q elements, reduced
polynomial is unique (by Corollary 7)
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Multiplicative subgroups and n-th roots of unity

Definition 85. [multiplicative subgroup of field] for field k, subgroup of group k™ =
k ~ {0}, called multiplicative subgroup of k

Theorem 32. [finite multiplicative subgroup of field is cyclic] finite multiplicative
subgroup of field is cyclic

Corollary 9. [multiplicative subgroup of finite field is cyclic] multiplicative subgroup
of finite field is cyclic

Definition 86. [primitive n-th root of unity] generator for group of n-th roots of
unity, called primitive n-th root of unity; group of roots of unity, denoted by ., group of
roots of unity in field k, denoted by
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Algebraic closedness

Definition 87. [algebraically closed] field k, for which every polynomial in k[X] of
positive degree has root in k, said to be algebraically closed

® c.g., complex numbers are algebraically closed

e every field is contained in some algebraically closed field (Theorem 33)

e for algebraically closed field k&

— (of course) every irreducible polynomial in k[ X] is of degree 1
— unique factorization of polynomial of nonnegative degree can be written in form

FX) = e[T(x =™

with nonzero ¢ € k, distinct roots, a1, ..., a, € k, and mq,...,m, € N
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Derivatives of polynomials

Definition 88. [derivative of polynomial over commutative ring] for polynomial
f(X) = apn X" 4+ -+ + a1 X + a9 € A[X] with commutative ring A, map
D : A|[X] — A[X] defined by

Df(X) = naan_l + .- 4+ ag

called derivative of polynomial, denoted by ;

o for f,g € A[X] with commutative ring A, and a € A

(f+9)=f+g and (f9)=Ffg+fg and (af) =af
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Multiple roots and multiplicity

e nonzero polynomial f(X) € k[X] in one variable over field k having a € k as root
can be written of form

f(X) = (X —a)"g(X)
with some polynomial g(X) € A[X] relatively prime to (X — a) (hence, g(a) # 0)

Definition 89. [multiplicity and multiple roots] above, m, called multiplicity of a in
f, a, said to be multiple root of f ifm > 1

Proposition 20. [necessary and sufficient condition for multiple roots] for polynomial
f of one variable over field k, a € k is multiple root of f if and only if f(a) = 0 and

f'(a) =0
Proposition 21. [derivative of polynomial] for polynomial f € K|[X] over field K of

positive degree, f' # 0 if K has characteristic O; if K has characteristicp > 0, f' = 0
if and only if

f(X)=> a,X"
v=1
where p divides each integer v whenever a, # 0
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Frobenius endomorphism

e homeomorphism of K into itself  +— xP has trivial kernel, hence injective

,
e hence, iterating r > 1 times yields endomorphism, = +— x?

Definition 90. [Frobenius endomorphism] for field K, prime number p, and r > 1,
endomorphism of K into itself, x — x? , called Frobenius endomorphism
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Roots with multiplicity p" in fields having characteristic p

e for field K having characteristic p

- P (f) for all 0 < v < p because p is prime, hence, for every a,b € K
(a +b)" =a” + b”

— applying this resurvely r times yields

r r—1 2 2 . r—2 T r
(a+b)p :(ap+bp)p :(ap +bp )p :_..:a’p _|_bp

hence § ,
(X —a)’) =X —a”
— if a, c € K satisfy a? = c
Xpr—c:XpT—apr:(X—a)pr

.
hence, polynomial X? — ¢ has precisely one root a of multiplicity p"!
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Polynomials over a factorial ring

Searching for Universal Truths - Abstract Algebra - Polynomials 161



Sunghee Yun August 4, 2025

Criteria for irreducibility
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Hilbert’s theorem
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Partial fractions
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Symmetric polynomials
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Mason’s theorem and the abc conjecture
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The resultant
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Power series
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Algebraic extension

e will show

— for polynomial over field, always exists some extension of that field where the
polynomial has root

— existence of algebraic closure for every field
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Extension of field

Definition 91. [extension of field] for field EE and its subfield FF C E, E said to be
extension field of F', (sometimes) denoted by (which should not confused with
factor group)

- can view F/ as vector space over F'

- if dimension of the vector space is finite, extension called finite extension of F

- If infinite, called infinite extension of F’
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Algebraic over field

Definition 92. [algebraic over field] for field E and its subfield FF C E, « € E
satisfying

(Jag, . . ., a, with not all a; zero) (ap + a1c + - - - + apa’” = 0)

said to be algebraic over F'

- for algebraic o« # 0, can always find such equation like above that ag # 0

e equivalent statements to Definition 92

— exists homeomorphism ¢ : F'[X] — FE such that
(Vz € F) (p(z) = z) & o(X) = a & Kerp # {0}

— exists evaluation homeomorphism ev,, : F[X]| — FE with nonzero kernel (refer to
Definition 77 for definition of evaluation homeomorphism)
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e in which case, Ker ¢ is principal ideal (by Theorem 30), hence generated by single

element, thus exists nonzero p(X) € F[X] (with normalized leading coefficient being
1) so that

FIX]/(p(X)) = Fla]

e F'|a] entire (Lemma 6), hence p(X) irreducible (refer to Definition 60)

Definition 93. [THE irreducible polynomial] normalized p(X) (i.e., with leading

coefficient being 1) uniquely determined by «, called THE irreducible polynomial of
o over F', denoted by
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Algebraic extensions

Definition 94. [algebraic extension] for field F', its extension field every element of
which is algebraic over F', said to be algebraic extension of F'

Proposition 22. [algebraicness of finite field extensions] for field F', every finite
extension field of F' is algebraic over F'

e converse is not true, e.q., subfield of complex numbers consisting of algebraic numbers
over Q is infinite extension of Q
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Dimension of extensions

Definition 95. [dimension of extension] for field F and its extension field E,
dimension of E as vector space over F', called dimension of E over F', denoted by

Proposition 23. [dimension of finite extension] for field k and its extension fields F
and E withk C FFC E

(B : k]l =[FE: F|[F : k]

- if ()¢ is basis for F' over k, and (y;) ;. ; is basis for E over F', (x;y;)
is basis for E/ over k

i,j)EIXJ

Corollary 10. [finite dimension of extension] for field k and its extension fields F' &
E with k C F C E, E/k is finite if and only if both F'/k and E/F are finite
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Generation of field extensions

Definition 96. [generation of field extensions] for field k, its extension field E, and

at,...,a, € F, smallest subfield containing k and o1, ..., ay, said to be finitely
generated over k by o, ..., «,, denoted by
o k(ai,...,ay,) consists of all quotients f(aq, ..., an)/g(a1, ..., ay) where f, g €

k[ X] and g(ay, ..., an) # 0, ie.

kE(ag,...,an)
= {f(ar,...,an)/g(lar,...,an)|f,9 € f[X],9(a1,...,a,) #0}

e any field extension E over k is union of smallest subfields containing a1, . . ., a,, where
a1, ..., Q, range over finite set of elements of E, i.e.

E:U U k(al,...,an)

neN @1,..;an€lE

Proposition 24. [finite extension is finitely generated] every finite extension of field
is finitely generated
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Tower of fields

Definition 97. [tower of fields] sequence of extension fields

called tower of fields

Definition 98. [finite tower of fields] tower of fields, said to be finite if and only if
each step of extensions is finite
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Algebraicness of finitely generated subfields

Proposition 25. [algebraicness of finitely generated subfield by single element] for
field k, its extension field F, and o« € E being algebraic over k

k(a) = ko]

and
k(o) : k] = degIrr(a, k, X)

hence k() is finite extension of k, thus algebraic extension over k (by Proposition 22)

Lemma 9. [a fortiori algebraicness] for field k, its extension field F', and o« € E being
algebraic over k where k(a) and F' are subfields of common field, o is algebraic over F’

- indeed, Irr(a, k, X) has a fortiori coefficients in F’
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® assume tower of fields

k C k(a1) C k(ar,a2) C -+ Ck(oa,...,an)

where «; Is algebraic over k

e then, a1 is algebraic over k(aq, ..., a;) (by Lemma 9)

Proposition 26. [algebraicness of finitely generated subfields by multiple elements]
for field k and oy, ..., «a, being algebraic over k, E = k(ai,...,ay) is finitely
algebraic over k (due to Proposition 25, Proposition 23, and Proposition 22). Indeed,
E =k[laq, ..., ay] and

[k(a1,...,an) k] = deglrr(ag, k, X)deglIrr(asg, k(aq), X)
-+ -deg Irr(ap, k(aq, . - .y 1), X),

(proof can be found in Proof 9)
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Compositum of subfields and lifting

Definition 99. [compositum of subfields] for field k and its extension fields E and F',
which are subfields of common field L, smallest subfield of L. containing both E and F’,
called compositum of E and F' in L, denoted by

I cannot define compositum if E and F' are not embedded in common field L

e could define compositum of set of subfields of L as smallest subfield containing subfields
in the set

Lemma 10. extension E of k is compositum of all its finitely generated subfields over
k,ie, E=,cN Ual,...,anEE kE(aq, ..., ap)
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Lifting

Definition 100. [lifting] extension EF' of F', called translation of E to F' or lifting of
E to F

- often draw diagram as in the figure
EF
/ DA
E /
\
k

Searching for Universal Truths - Abstract Algebra - Algebraic Extension 181



Sunghee Yun August 4, 2025

Finite generation of compositum

Lemma 11. [finite generation of compositum] for field k, its extension field F', and
E =k(ai,...,a,) where both E and F' are contained in common field L,

EF = F(ai,...,an)

i.e., compositum EF' is finitely generated over F' (proof can be found in Proof 10)

- refer to diagra in the figure
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Distinguished classes

Definition 101. [distinguished class of field extensions] for field k, class C of
extension fields satisfying

- for tower of fields k C F' C FE, extension k C FE is in C if and only if both kK C F
and FF C E areinC

- ifk C E isin C, F is any extension of k, and both E and F' are subfields of
common field, then FF C EF isinC

said to be distinguished,; the figure illustrates these two properties, which imply the
following property

-ifk C F and k C E are in C and both E and F' are subfields of common field,
k C EF isinC

E EF
\F

B

k k
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Both algebraic and finite extensions are distinguished

Proposition 27. [algebraic and finite extensions are distinguished] class of algebraic
extensions is distinguished, so is class of finite extensions

e true that finitely generated extensions form distinguished class (not necessarily algebraic
extensions or finite extensions)
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Field embedding and embedding extension

Definition 102. [field embedding] for two fields F' and L, injective homeomorphism
o : F — L, called embedding of F' into L, then (of course) o induces isomorphism of

F with its image o F'*

Definition 103. [field embedding extension] for field embedding o : F' — L, field
extension F' C FE, and embedding T : E — L whose restriction to F' being equal to o,
said to be over o or extend o; if o is identity, embedding T, called embedding of E over
F; diagrams in the figure show these embedding extensions

E—— L A — y
inc[ ‘id inc\ /id
F—O_>L A/Cl

e assuming F', E, o, and 7 same as in Definition 103, if a € E is root of f € F[X],
then o is root of f7 for if f(X) = >7;"a; X", then f(a) = > /" a;a' =0, and
0= f(a)" =3 iLe(a]) ()" = 2oigaf(a)" = f7(a)

Here o F is sometimes written as F7.
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Embedding of field extensions

Lemma 12. [field embedding of algebraic extension] for field k and its algebraic
extension E/, embedding of E into itself over k is isomorphism

Lemma 13. [compositums of fields] for field k and its field extensions E and F
contained in common field,

E[F) = FE] = J{eifi+ - +enfules € B, f; € F)

n=1

and E F is field of quotients of these elements

Lemma 14. [embeddings of compositum of fields] for field k, its field extensions F;
and E5 contained in commen field E/, and embedding o : E — L for field L,

O'(ElEg) — O‘(El)O'(Eg)
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Existence of roots of irreducible polynomial

e assume p(X) € k[X] irreducible polynomial and consider canonical map, which is ring

homeomorphism
o k[X] = k[X]/((p(X))

e consider Ker ok

— every kernel of ring homeomorphism is ideal, hence if nonzero a € Kerolk,
1 € Ker 0|k because a™* € Kero|k, but 1 & (p(X))
— thus, Ker o|k = {0}, hence p? # 0

e now for « = X°
p’(a) = p”(X?) = (p(X))" =0

e thus, « is algebraic in k7, i.e., a € k[X]7 is root of p? in k7 ()

Lemma 15. [existence of roots of irreducible polynomial] for field k and irreducible
p(X) € k[X] with degp > 1, exist field L and homeomorphism o : k — L such that
p° with deg p° > 1 has root in field extension of k°
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Existence of algebraically closed algebraic field extensions

Proposition 28. [existence of extension fields containing roots] for field k and f €
k[ X] with deg f > 1, exists extension of k in which f has root

Corollary 11. [existence of extension fields containing roots] for field k and f,
..., fn € K[X] with deg f; > 1, exists extension of k in which every f; has root

Theorem 33. [existence of algebraically closed field extensions] for every field k,
exists algebraically closed extension of k

Corollary 12. [existence of algebraically closed algebraic field extensions] for every
field k, exists algebraically closed algebraic extension of k (proof can be found in Proof 11)
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Isomorphism between algebraically closed algebraic extensions

Proposition 29. [number of algebraic embedding extensions] for field, k, o being
algebraic over k, algebraically closed field, L, and embedding, o : k — L, # possible
embedding extensions of o to k(«) in L is equal to # distinct roots of Irr(a, k, X),
hence no greater than # roots of Irr(«, k, X)

Theorem 34. [algebraic embedding extensions] for field, k, its algebraic extensions,
E, algebraically closed field, L, and embedding, o : k — L, exists embedding extension
of o to E in L; if E is algebraically closed and L is algebraic over k°, every such
embedding extension is isomorphism of E. onto L

Corollary 13. [isomorphism between algebraically closed algebraic extensions] for field,
k, and its algebraically closed algebraic extensions, £ and E’, exists isomorphism bewteen
E and E' which induces identity on k, i.e.

T:E— E
where T |k is identity

e thus, algebraically closed algebraic extension is determined up to isomorphism
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Algebraic closure

Definition 104. [algebraic closure] for field, k, algebraically closed algebraic extension
of k, which is determined up to isomorphism, called algebraic closure of k, frequently
denoted by

® examples

— complex conjugation is automorphism of C (which is the only continuous
automorphism of C)

— subfield of C consisting of all numbers which are algebraic over Q is algebraic closure
of Q, i.e., Q*

- Q*#£C

- R*=C

— Q?® is countable

Theorem 35. [countability of algebraic closure of finite fields] algebraic closure of
finite field is countable

Theorem 36. [cardinality of algebraic extensions of infinite fields] for infinite field,
k, every algebraic extension of k has same cardinality as k
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Splitting fields

Definition 105. [splitting fields] for field, k, and f € k[X] with deg f > 1, field
extension, K, of k, f splits into linear factors in which, i.e.,

f(X) =c(X =) - (X —an)

and which is finitely generated over k by oy, ..., a, (hence K = k(aq,...,an)),
called splitting field of f

o for field, k, every f € k[X] has splitting field in k*
Theorem 37. [isomorphism between splitting fields] for field, k, f € k[X] with

deg f > 1, and two splitting fields of f, K and E, exists isomorphism between K and
E;ifk C K C k* every embedding of E into k* over k is isomorphism of EE onto K
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Splitting fields for family of polynomials

Definition 106. [splitting fields for family of polynomials] for field, k, index set, A,
and indexed family of polynomials, { fx € k[X]|\ € A,deg fn» > 1}, extension field of
k, every fx splits into linear factors in which and which is generated by all roots of all
polynomials, f», called splitting field for family of polynomials

e in most applications, deal with finite A
® becoming increasingly important to consider infinite algebraic extensions

e various proofs would not be simpler if restricted ourselves to finite cases

Corollary 14. [isomorphism between splitting fields for family of polynomials] for field,
k, index set, A, and two splitting fields, K and FE, for family of polynomials,
{fx € E[X]|X\ € A,deg f\ > 1}, every embedding of E into K® over k is isomorphism

of E onto K
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Normal extensions
Theorem 38. [normal extensions] for field, k, and its algebraic extension, K, with
k C K C k%, following statements are equivalent
- every embedding of K into k* over k induces automorphism
- K is splitting field of family of polynomials in k[X]

- every irreducible polynomial of k| X which has root in K splits into linear factors in
K

Definition 107. [normal extensions] for field, k, and its algebraic extension, K, with
k C K C k*, satisfying properties in Theorem 38, said to be normal

e not true that class of normal extensions is distinguished
— e.g., below tower of fields is tower of normal extensions

Q C Q(vV2) C Q(V2)

— but, extension Q C Q(%) is not normal because complex roots of X% — 2 are not

in Q(2)
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Retention of normality of extensions

Theorem 39. [retention of normality of extensions] normal extensions remain normal
under lifting; if k C E C K and K is normal over k, K is normal over E; if K1 and

K5 are normal over k and are contained in common field, K1 K5 is normal over k, and so
IS Kl M K2
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Separable degree of field extensions

e for field, F', and its algebraic extension, E

— let L be algebraically closed field and assume embedding, o : F' — L
- exists embedding extension of o to F in L by Theorem 34
- such o maps E on subfield of L which is algebraic over F'¢
- hence, E? is contained in algebraic closure of F'? which is contained in L
- will assume that L is the algebraic closure of F'°

— let L’ be another algebraically closed field and assume another embedding,
T : FF — L' - assume as before that L’ is algebraic closure of F'”

— then Theorem 34 implies, exists isomorphism, A : L — L’ extending 7 0 o~
applied to F'¢

— let S, & S, be sets of embedding extensions of o to E in L and L’ respectively

— then X induces map from S, into S, with & — X o & and A™' induces inverse
map from S, into S,, hence exists bijection between S, and S, hence have same

cardinality

1

Definition 108. [separable degree of field extensions] above cardinality only depends
on extension E/F, called separable degree of E over F', denoted by
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Multiplicativity of and upper bound on separable degree of field
extensions

Theorem 40. [multiplicativity of separable degree of field extensions] for tower of
algebraic field extensions, k C F' C F,

|E : kls = [E : F|s[F : ks

Theorem 41. [upper limit on separable degree of field extensions] for finite algebraic
field extension, k C E
E: k]l < [E : k]

® i.c., separable degree is at most equal to degree (i.e., dimension) of field extension
Corollary 15. for tower of algebraic field extensions, k C F C E, with [E : k] < oo
[E : k|ls = [F : k]

holds if and only if corresponding equality holds in every step of tower, i.e., for E/F and
F/k
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Finite separable field extensions
Definition 109. [finite separable field extensions] for finite algebraic field extension,
E/k, with |[E : k|s = [E : k], E, said to be separable over k

Definition 110. [separable algebraic elements] for field, k, o, which is algebraic over
k with k(o) being separable over k, said to be separable over k

Proposition 30. [separability and multiple roots] for field, k, o, which is algebraic
over k, is separable over k if and only if Irr(«, k, X)) has no multiple roots

Definition 111. [separable polynomials] for field, k, f € k[X] with no multiple roots,
said to be separable

Lemma 16. for tower of algebraic field extensions, k C F C K, if o« € K is separable
over k, then « is separable over F'

Theorem 42. [finite separable field extensions] for finite field extension, E /k, E is
separable over k if and only if every element of E is separable over k
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Arbitrary separable field extensions

Definition 112. [arbitrary separable field extensions] for (not necessarily finite) field
extension, E /k, E, of which every finitely generated subextension is separable over k,
1.€.,

(Vn e N& a1, ...,a, € E) (k(ay, ..., ay) is separable over k)

said to be separable over k

Theorem 43. [separable field extensions] for algebraic extension, E/k, E, which is
generated by family of elements, { )} xen, with every oy is separable over k, is separable
over k

Theorem 44. [separable extensions are distinguished] separable extensions form
distinguished class of extensions
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Separable closure and conjugates

Definition 113. [separable closure] for field, k, compositum of all separable extensions
of k in given algebraic closure k*, called separable closure of k, denoted by

Definition 114. [conjugates of fields] for algebraic field extension, FE/k, and
embedding of E, o, in k* over k, E°, called conjugate of E in k*

e smallest normal extension of k containing E is compositum of all conjugates of E in
Ea

Definition 115. [conjugates of elements of fields] for field, k, o being algebraic over
k, and distinct embeddings, o1, ..., o, of k(«) into k* over k, a°1, ..., a°", called
conjugates of « in k®

e oL, . . ., a’ are simply distinct roots of Irr(a, k, X)

e smallest normal extension of k containing one of these conjugates is simply
E(a®t, ..., a%")
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Prime element theorem

Theorem 45. [prime element theorem] for finite algebraic field extension, E [k, exists
a € FE such that E = k(«) if and only if exists only finite # fields, F', such that
k C F C E; if E is separable over k, exists such element, o

Definition 116. [primitive element of fields] for finite algebraic field extension, E /k,
a € E with E = k(«), called primitive element of E over k
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Finite fields

Definition 117. [finite fields] for every prime number, p, and integer, n > 1, exists
finite field of order p", denoted by , uniquely determined as subfield of algebraic
closure, Fpa, which is splitting field of polynomial

fon(X) = X" — X

and whose elements are roots of fp ,

Theorem 46. [finite fields] for every finite field, F', exist prime number, p, and integer,
n > 1, such that F' = Fyn

Corollary 16. [finite field extensions] for finite field, F,n, and integer, m > 1, exists
one and only one extension of degree, m, which is F,mn

Theorem 47. [multiplicative group of finite field] multiplicative group of finite field
is cyclic
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Automorphisms of finite fields

Definition 118. [Frobenius mapping] mapping
Ppn - Fpn — Fpn
defined by x — x’, called Frobenius mapping

® ¢, is (ring) homeomorphism with Ker ¢, , = {0} since F,n is field, thus is injective
(Proposition 17), and surjective because F,n is finite,
e thus, ¢, is isomorphism leaving F,, fixed

Theorem 48. [group of automorphisms of finite fields] group of automorphisms of
F,n is cyclic of degree n, generated by ¢, ,,

Theorem 49. [group of automorphisms of finite fields over another finite field] for
prime number, p, and integers, m,n > 1, in any F,?, F,n is contained in F,m if and
only if n divides m, i.e., exists d € Z such that m = dn, in which case, F,m is normal
and separable over F,n group of automorphisms of F,m over F,n is cyclic of order, d,
generated by ¢ .
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What we will do to appreciate Galois theory

e study
— group of automorphisms of finite (and infinite) Galois extension (at length)
— give examples, e.g., cyclotomic extensions, abelian extensions, (even) non-abelian

ones
— leading into study of matrix representation of Galois group & classifications

e have tools to prove

— fundamental theorem of algebra
— insolvability of quintic polynomials

e mention unsolved problems
— given finite group, exists Galois extension of Q having this group as Galois group?
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Fixed fields
Definition 119. [fixed field] for field, K, and group of automorphisms, G, of K,
{r € K|IVo € G,z° =z} C K
is subfield of K, and called fixed field of G, denoted by

e KC is subfield of K because for every z,y € K¢
- 0°=0=0¢€ K“
- (w4+y) ' =24y =z+y=>z+y€ K"
— (=) =—2°= -z = —z € K¢
-1"=1=1¢€ K°
— (zy)’ = 2%y’ = a2y = zy € K¢
— (Y =@) ==z € KC
hence, K¢ closed under addition & multiplication, and is commutative division ring,
thus field

e 0,1 ¢ K hence K% contains prime field
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Galois extensions and Galois groups

Definition 120. [Galois extensions] algebraic extension, K, of field, k, which is normal
and separable, said to be Galois (extension of k) or Galois over k considering K as
embedded in k*; for convenience, sometimes say K /k is Galois

Definition 121. [Galois groups] for field, k and its Galois extension, K, group of
automorphisms of K over k, called Galois group of K over k, denoted by

Definition 122. [Galois group of polynomials] for field, k, separable f € k[X] with
deg f > 1, and its splitting field, K /k, Galois group of K over k (i.e., G(K/k)), called
Galois group of f over k

Proposition 31. [Galois group of polynomials and symmetric group] for field, k,
separable f € k[X] with deg f > 1, and its splitting field, K /k,

f(X) =X —aq)- - (X = an)

elements of Galois group of f over k, G, permute roots of f, hence, exists injective
homeomorphism of GG into S,,, i.e., symmetric group on n _elements
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Fundamental theorem for Galois theory

Theorem 50. [fundamental theorem for Galois theory] for finite Galois extension,
K/k

- map H — K" induces isomorphism between set of subgroups of G(K /k) & set of
intermediate fields

- subgroup, H, of G(K /k), is normal if and only if K* /k is Galois

- for normal subgroup, H, o — o|K" induces isomorphism between G(K/k)/H
and G(K*" /k)

(illustrated in the figure)

e shall prove step by step
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Galois subgroups association with intermediate fields

Theorem 51. [Galois subgroups associated with intermediate fields - 1] for Galois
extension, K /k, and intermediate field, F
- K/F is Galois & K¢X/F) = F, hence, K¢ = k
- map
F— G(K/F)
induces injective homeomorphism from set of intermediate fields to subgroups of G
(proof can be found in Proof 12)

Definition 123. [Galois subgroups associated with intermediate fields] for Galois
extension, K /k, and intermediate field, F', subgroup, G(K/F) C G(K/k), called
group associated with F', said to belong to F'

Corollary 17. [Galois subgroups associated with intermediate fields - 1] for Galois
extension, K /k, and two intermediate fields, Fy and F», G(K/Fy) N G(K/Fy) belongs
to F1F5, 1.e.,

G(K/Fi) N G(K/F>) = G(K/F1F>)
(proof can be found in Proof 13)
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Corollary 18. [Galois subgroups associated with intermediate fields - 2] for Galois
extension, K/k, and two intermediate fields, Fy and F», smallest subgroup of G
containing G(K /Fy) and G(K /F3) belongs to Fy N Fy, i.e.

M {H|H C G(K/k)} = G(K/(F1N F))

G(K/F{)CH,G(K/Fy)CH

Corollary 19. [Galois subgroups associated with intermediate fields - 3] for Galois
extension, K /k, and two intermediate fields, Fy and F5,

F1 C F2 if and onIy if G(K/FQ) C G(K/Fl)

(proof can be found in Proof 14)

Corollary 20. for finite separable field extension, E /k, the smallest normal extension of
k containing E, K, K /k is finite Galois and exist only finite number of intermediate fields

Lemma 17. for algebraic separable extension, E /k, if every element of E has degree
no greater than n over k for some n > 1, E is finite over k and [E : k] < n
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Theorem 52. [Artin’s theorem] (Artin) for field, K, finite Aut(K) of order, n, and
k= KA Kk is Galois, G(K /k) = Aut(K), and [K : k] = n

Corollary 21. [Galois subgroups associated with intermediate fields - 4] for finite
Galois extension, K / k, every subgroup of G(K /k) belongs to intermediate field

Theorem 53. [Galois subgroups associated with intermediate fields - 2] for Galois
extension, K /k, and intermediate field, F',

- F'/k is normal extension if and only if G(K /F) is normal subgroup of G(K /k)

- if F/k is normal extension, map, o — o|F, induces homeomorphism of G(K /k)
onto G(F/k) of which G(K/F) is kernel, thus

G(F/k) ~ G(K/k)/G(K/F)
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Proof for fundamental theorem for Galois theory

e finally, we prove fundamental theorem for Galois theory (Theorem 50)
e assume K /k is finite Galois extension and H is subgroup of G(K/k)

Corollary 21 implies K is intermediate field, hence Theorem 51 implies K/KH IS
Galois, Theorem 52 implies G(K/KH) = H, thus, every H is Galois

map, H — K induces homeomorphism, o, of set of all subgroups of G(K/k)
into set of intermediate fields

o is injective since for any two subgroups, H and H', of G(K/k), if K" = K
then H = G(K/K") = G(K/K") = H’

o is surjective since for every intermediate field, F', Theorem 51 implies K/F
is Galois, G(K/F) is subgroup of G(K/k), and K“E/F) = F  thus,
c(G(K/F)) = KCE/F) = F

therefore, o is isomorphism between set of all subgroups of G(K /k) and set of
intermediate fields

since Theorem 44 implies separable extensions are distinguished, HK/k Is separable,
thus Theorem 53 implies that K*! /k is Galois if and only if G(K/K*) is normal
lastly, Theorem 53 implies that if K /k is Galois, G(H" /k) ~ G(K/k)/H
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Abelian and cyclic Galois extensions and groups
Definition 124. [abelian Galois extensions] Galois extension with abelian Galois group,
said to be abelian

Definition 125. [cyclic Galois extensions] Galois extension with cyclic Galois group,
said to be cyclic

Corollary 22. for Galois extension, K /k, and intermediate field, F’,

- if K/k is abelian, F'/k is Galois and abelian
- if K/k is cyclic, F'/k is Galois and cyclic

Definition 126. [maximum abelian extension] for field, k, compositum of all abelian
Galois extensions of k in given k%, called maximum abelian extension of k, denoted by
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Theorems and corollaries about Galois extensions

Theorem 54. for Galois extension, K /k, and arbitrary extension, F'/k, where K and
F' are subfields of common field,

- KF/F and K/(K N F) are Galois extensions
- map
o— o|K
induces isomorphism between G(K F/F) and G(K/(K N F))

theorem illustrated in the figure

/ walms
Galo\ /

KnNF
k
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Corollary 23. for finite Galois extension, K /k, and arbitrary extension, F'/k, where K
and F' are subfields of common field,

[KF : F| divides [F : k]

Theorem 55. for Galois extensions, K1 /k and Ks/k, where K1 and Ko are subfields
of common field,

- K1 Ks/k is Galois extension
- map
o (o|Ky1,0|K>3)

of G(K1Ks/k) into G(K1/k) x G(K3/k) is injective; if K1 N Ko = k, map is
iIsomorphism

theorem illustrated in the figure
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KK,
K, Ko
KN Ky
k
Corollary 24. for n Galois extensions, K;/k, where Ky, ..., K, are subfields of
common field and K; ;1N (Ky--- K;)) =k fori=1,...,n—1,
- Ky --- K, /k is Galois extension
- map
ow— (o|Kiq,...,0|K,)

induces isomorphism of G(K; - - - K,,/k) onto G(K1/k) X --- X G(K,/k)
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Corollary 25. for Galois extension, K /k, where G(K /k) can be written as G1 X - - - X
G, and K4, ..., K,,, each of which is fixed field of

Gy x---x {e} x---xXG,
N

i1th position
- Ki/k, ..., K, /k are Galois extensions
- G(Kz/k):G@ fOI”I::].,...,’n,
- K@-Hﬂ(Kl---Ki):kforz'zl,...,n—l

K=K, - K,

Theorem 56. assume all fields are subfields of common field

- for two abelian Galois extensions, K /k and L /k, K L/k is abelian Galois extension

- for abelian Galois extension, K /k, and any extension, E /k, K E/ E is abelian Galois
extension

- for abelian Galois extension, K /k, and intermediate field, E, both K/E and E /k
are abelian Galois extensions

Searching for Universal Truths - Abstract Algebra - Galois Theory 217



Sunghee Yun August 4, 2025

Solvable and radical extensions

Definition 127. [sovable extensions] finite separable extension, E /k, such that Galois
group of smallest Galois extension, K /k, containing E is solvable, said to be solvable

Theorem 57. [solvable extensions are distinguished] solvable extensions form distinguished
class of extensions

Definition 128. [solvable by radicals] finite extension, F'/k, such that it is separable
and exists finite extension, E /k, containing F' admitting tower decomposition

k=FyCE,C---CFE,=FE

with E,,1/ E; is obtained by adjoining root of
- unity, or
- X" = a witha € E;, and n prime to characteristic, or
- Xy — X —a witha € E; if p is positive characteristic
said to be solvable by radicals

Theorem 58. [extensions solvable by radicals] separable extension, E /k, is solvable
by radicals if and only if it is solvable
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Applications of Galois theory

Theorem 59. [insolvability of quintic polynomials] general equation of degree, n,
cannot be solved by radicals for n > 5 (implied by Definition 122, Proposition 31,
Theorem 58, and Theorem 21)

Theorem 60. [fundamental theorem of algebra]l] f € C[X] of degree, n, has
precisely n. roots in C (when counted with multiplicity), hence C is algebraically closed
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Some principles

Principle 1. [principle of mathematical induction]

P(1)&[P(n = P(n+1)] = (Vn € N)P(n)

Principle 2. [well ordering principle] each nonempty subset of N has a smallest element

Principle 3. [principle of recursive definition] for f : X — X and a € X, exists
unique infinite sequence (x,)..; C X such that

1 = a

and
(Vn € N) (zp41 = f(xn))

e note that Principle 1 < Principle 2 = Principle 3
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Some definitions for functions

Definition 129. [functions] for f : X — Y

e terms, map and function, exterchangeably used
e X andY, called domain of f and codomain of f respectively
o {f(x)|x € X}, called range of f

o for ZCY, f'(Z)={x € X|f(x) € Z} C X, called preimage or inverse image
of Z under f

o fory €Y, f 1 ({y}), called fiber of f over y
e f, called injective or injection or one-to-one if (Vx # v € X) (f(x) # f(v))
e f, called surjective or surjection or onto if (Vx € X) (JyinY ) (y = f(x))

e f, called bijective or bijection if f is both injective and surjective, in which case, X
and Y, said to be one-to-one correspondece or bijective correspondece

o g:Y — X, called left inverse if g o f is identity function
e h:Y — X, called right inverse if f o h is identity function
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Some properties of functions

Lemma 18. [functions] for f: X — Y

e f isinjective if and only if f has left inverse

e f is surjective if and only if f has right inverse

e hence, f is bijective if and only if f has both left and right inverse because if g and h
are left and right inverses respectively, g = go (f oh) = (go f)oh = h

o if | X| =|Y| < oo, f isinjective if and only if f is surjective if and only if f is
bijective
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Countability of sets

e set A is countable if range of some function whose domain is N

e N, Z, Q: countable

e R: not countable
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Limit sets

e for sequence, (A,), of subsets of X
— limit superior or limsup of (A,,), defined by

lim sup (A,) = ﬁ G A

n=1m=n
— limit inferior or liminf of (A,,), defined by

oo O

liminf (A,) = U ﬂ A

n=1 m=n

e always
liminf (A,) C limsup (A,)

August 4, 2025

e when liminf (A,) = limsup (A,), sequence, (A,), said to converge to it, denote

lim (A,) = liminf (A,) = limsup (A4,) = A
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Algebras of sets

e collection &7 of subsets of X called algebra or Boolean algebra if
(VA,B€ ) (AUB € &) and (VA € &) (A € )

- (YA, ..., A, e &) (U]_ A, € &)
- (VAy,..., A, e )(N_ A, € &)

e algebra o/ called o-algebra or Borel field if
— every union of a countable collection of sets in .&7 is in <7, 1i.e.,

(V(A)) (U2, 4i € &)

e given sequence of sets in algebra <7, (A;), exists disjoint sequence, {(B;) such that
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Algebras generated by subsets

® algebra generated by collection of subsets of X, C, can be found by
o =({#1%c F}

where F is family of all algebras containing C
— smallest algebra o/ containing C, i.e.,

(V# € F)(o C RB)
e o-algebra generated by collection of subsets of X, C, can be found by
o = {#1% c G}

where G is family of all o-algebras containing C
— smallest o-algebra ./ containing C, i.e.,

(VB € G)(o C B)
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Relation

e x said to stand in relation R to y, denoted by
e R said to berelationon X fx Ry = x € X andy € X
e Ris
— transitiveift Ryandy Rz =z R =z
— symmetricif t Ry=y R «x
— reflexive if x R @«
— antisymmetricif t Ryandy Rz = =y
e Ris
— equivalence relation if transitive, symmetric, and reflexive, e.g., modulo

— partial ordering if transitive and antisymmetric, e.g., “C"

— linear (or simple) ordering if transitive, antisymmetric, and z R y or y R « for all
r,y € X
- e.g., “>" linearly orders R while “C" does not P(X)
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Ordering

e given partial order, <, a is
— a first/smallest/least element if x # a = a < x
— a last/largest/greatest element if z # a = = < a
— a minimal element if x #Za = = £ a

— amaximal element if t Aa = a £ x

e partial ordering < is
— strict partial ordering if x £ x

— reflexive partial ordering if ¢ < x

e strict linear ordering < is

— well ordering for X if every nonempty set contains a first element
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Axiom of choice and equivalent principles

Axiom 1. [axiom of choice] given a collection of nonempty sets, C, there exists f :

C — UgecA such that
(VAeC)(f(A) e A)

- also called multiplicative axiom - preferred to be called to axiom of choice by Bertrand
Russell for reason writte on page 232

- no problem when C is finite

- need axiom of choice when C is not finite

Principle 4. [Hausdorff maximal principle] for particial ordering < on X, exists a
maximal linearly ordered subset S C X, 1i.e., S is linearity ordered by < and if
S C T C X and T is linearly ordered by <, S =T

Principle 5. [well-ordering principle] every set X can be well ordered, i.e., there is a
relation < that well orders X

e note that Axiom 1 < Principle 4 < Principle 5
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Infinite direct product

Definition 130. [direct product] for collection of sets, (X ), with index set, A,

X X

AEA

called direct product

- for z = (xx) € X X, x called A-th coordinate of z

e if one of X, is empty, X X, is empty

e axiom of choice is equivalent to converse, i.e., if none of X, is empty, X X, is not
empty
if one of X is empty, X X, is empty

e this is why Bertrand Russell prefers multiplicative axiom to axiom of choice for name of
axiom (Axiom 1)

Searching for Universal Truths - Real Analysis - Set Theory 232



Real Number System



Sunghee Yun August 4, 2025

Field axioms

e field axioms - for every x,y,z € F
— (x+y)+ z=x 4 (y + z) - additive associativity
— (30 € F)(Vxz € F)(z + 0 = x) - additive identity
— (Vx € F)(Jw € F)(z + w = 0) - additive inverse
— x + y = y + x - additive commutativity
— (zy)z = x(yz) - multiplicative associativity
— (31 #0 € F)(Vz € F)(x - 1 = x) - multiplicative identity
— (Vx # 0 € F)(Jw € F)(xw = 1) - multiplicative inverse
— x(y 4+ z) = xy + xz - distributivity
— xy = yx - multiplicative commutativity
e system (set with + and -) satisfying axiom of field called field

— e.g., field of module p where p is prime, F,
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Axioms of order

e axioms of order - subset, F1 C F, of positive (real) numbers satisfies
—r,yeF =2 +ycky
-z, yeFiy =>axy e Fyy
—ceF = -z gF
—z€F==2z=0vVoeeF V—-—zecF

e system satisfying field axioms & axioms of order called ordered field
— e.g., set of real numbers (R), set of rational numbers (Q)
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Axiom of completeness

e completeness axiom
— every nonempty set S of real numbers which has an upper bound has a least upper
bound, i.e.,
{{|(Ve € S)(I < x)}
has least element.
— use inf S and sup S for least and greatest element (when exist)

e ordered field that is complete is complete ordered field
— e.g., R (with 4+ and -)
= axiom of Archimedes

— given any x € R, there is an integer n such that x < n

= corollary
— givenany z < y € R, exists r € Qsuchtat x < r <y
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Sequences of R

e sequence of R denoted by or
— mapping from N to R

e limit of (x,,) denoted by or - defined by a € R such that
(Ve > 0)(AN € N)(n > N = |z, — a| < €)

— lim x,, unique if exists

e (x,) called Cauchy sequence if

(Ve > 0)(AN € N)(n,m > N = |z, — x| < €)

e Cauchy criterion - characterizing complete metric space (including R)
— sequence converges if and only if Cauchy sequence
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Other limits
e cluster point of (x,) - defined by ¢ € R
(Ve >0, N € N)(In > N)(|z, — c| < €)
e limit superior or limsup of (x,)

lim sup x,, = inf sup x
N k>n

e limit inferior or liminf of (x,,)

lim inf x,, = sup inf x
n k>n

e liminfzx, < limsupx,

e (x,) converges if and only if lim inf x,, = lim sup z,, (=lim x,,)
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Open and closed sets

e O called open if
(Vz € O)(35 > 0)(y e R)(Jly —z| <6 = y € O)

— intersection of finite collection of open sets is open
— union of any collection of open sets is open

e FE called closure of E if

Vr e E& 5 >0)3y € E)(|lzr — y| < 6)

e [’ called closed if

F=F

— union of finite collection of closed sets is closed
— intersection of any collection of closed sets is closed
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Open and closed sets - facts

® cvery open set is union of countable collection of disjoint open intervals

e (Lindelof) any collection C of open sets has a countable subcollection (O;) such that

Jo=Uo

oecC

— equivalently, any collection F of closed sets has a countable subcollection {F;) such

that
() F=(F

OocF
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Covering and Heine-Borel theorem

e collection C of sets called covering of A if
Acl o

— C said to cover A
— C called open covering if every O € C is open
— C called finite covering if C is finite

e [eine-Borel theorem - for any closed and bounded set, every open covering has finite
subcovering

e corollary

— any collection C of closed sets including at least one bounded set every finite
subcollection of which has nonempty intersection has nonempty intersection.

Searching for Universal Truths - Real Analysis - Real Number System 241



Sunghee Yun August 4, 2025

Continuous functions

e f (with domain D) called continuous at x if

(Ve>0)(36 > 0)(Vy € D)(ly —z| <6 = |f(y) — f(z)] <€)

e f called continuous on A C D if f is continuous at every point in A

e f called uniformly continuous on A C D if

(Ve > 0)(36 > 0)(Vz,y € D)(Jz —y| <d = [f(z) = f(y)| <e)
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Continuous functions - facts
e f is continuous if and only if for every open set O (in co-domain), f~*(O) is open

e f continuous on closed and bounded set is uniformly continuous

e cxtreme value theorem - f continuous on closed and bounded set, F', is bounded on F'
and assumes its maximum and minimum on F'

(3z1, 2 € F)(Vz € F)(f(21) < f(z) < f(x2))

e ntermediate value theorem - for f continuous on [a, b] with f(a) < f(b),

(Vd)(f(a) < d < f(b))(3c € [a,b])(f(c) = d)
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Borel sets and Borel o-algebra

e Borel set
— any set that can be formed from open sets (or, equivalently, from closed sets) through
the operations of countable union, countable intersection, and relative complement

e Borel algebra or Borel o-algebra
— smallest o-algebra containing all open sets

— also
- smallest o-algebra containing all closed sets
- smallest o-algebra containing all open intervals (due to statement on page 240)
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Various Borel sets

e countable union of closed sets (in R), called an F,, (F for closed & o for sum)

— thus, every countable set, every closed set, every open interval, every open sets, is an
F, (note (a,b) = U [a + 1/n,b — 1/n))
— countable union of sets in F}, again is an F,

e countable intersection of open sets called a Gs (G for open & & for durchschnitt -
average in German)

— complement of F, is a G5 and vice versa
e F, and (G4 are simple types of Borel sets

e countable intersection of F.'s is F,5, countable union of F,s's is F,s,, countable
intersection of Fls,'s is Flss5, etc., & likewise for Gsy.

e below are all classes of Borel sets, but not every Borel set belongs to one of these classes

Foa Fa(57 FO’5O’) FJ5J57 ce ey G57 G60'7 G5o(57 G50507 s ey
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Riemann integral

e Riemann integral
— partition induced by sequence (z;);_ witha =z; < -+ < x,, = b
— lower and upper sums
* L(f, (2:) = 3000 infoeps o) (@) (@i — )
« U(f, (1)) = 302, SUPacla;ap,y) F (@) (@ig1 — 22)
— always holds: L(f, (x;)) < U(f, (y:)), hence

sup L(f, (zi)) < inf U(f, (zi))
() (i)

— Riemann integrable if

sup L(f, (xz;)) = inf U(f, (x;))

e every continuous function is Riemann integrable
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Motivation - want measure better than Riemann integrable

e consider indicator (or characteristic) function xq : [0, 1] — [0, 1]

[ 1 ifzeqQ
Q™ =10 ifrgQ

e not Riemann integrable: SUP (.. L(f,{(x;)) =0#1= inf<x,> U(f, (x;))
e however, irrational numbers infinitely more than rational numbers, hence

— want to have some integral [ such that, e.g.,

/ xQ(z)dz = 0 and (1 —xqQ(x))dz =1
[0,1]

[0,1]
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Properties of desirable measure

e want some measure 4 : M — Ry = {x € R|xz > 0}
— defined for every subset of R, i.e., M = P(R)
— equals to length for open interval

plb,al =b—a

o0

— countable additivity: for disjoint (E;)._,

p(UE) = > u(E)

— translation invariant
pw(E 4+ x) = u(F) forxz € R
® no such measure exists
e not known whether measure with first three properties exists
e want to find translation invariant countably additive measure
— hence, give up on first property
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Race won by Henri Lebesgue in 1902!

e mathematicians in 19th century struggle to solve this problem
® race won by French mathematician, Henri Léon Lebesgue in 1902!

e lebesgue integral covers much wider range of functions
— indeed, XQ s Lebesgue integrable

/ xQ(z)dzx = 0 and (1 —xq(z))dz =1
[0,1]

[0,1]
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Outer measure

e for £ C R, define outer measure ™ : P(R) — R

WV = glg {Z 1(I})

EC uzz}

where Iz = (Cl,z', bz> and l(IZ) = bz — Q;

e outer measure of open interval is length
p(ai, bi) = b — a;

e countable subadditivity
p(UE) <> u'E
e corollaries

— u*E = 0if E is countable
— [0, 1] not countable
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Measurable sets
e F C R called measurable if for every A C R
pA=p(EUA)+p"(EUA)
e 1"FE = 0, then E measurable
e every open interval (a,b) with a > —oo and b < oo is measurable

e disjoint countable union of measurable sets is measurable, i.e., UFE); is measurable

e collection of measurable sets is o-algebra
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Borel algebra is measurable

® note

— every open set is disjoint countable union of open intervals (page 240)
— disjoint countable union of measurable sets is measurable (page 252)
— open intervals are measurable (page 252)

® hence, every open set is measurable

e also

— collection of measurable sets is o-algebra (page 252)
— every open set is Borel set and Borel sets are o-algebra (page 244)

e hence, Borel sets are measurable

e specifically, Borel algebra (smallest o-algebra containing all open sets) is measurable
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Lebesgue measure
e restriction of * in collection M of measurable sets called Lebesgue measure
p: M —= Ry
e countable subadditivity - for (E,,)
u(UE,) <> pk,
e countable additivity - for disjoint (E,,)
p(UE,) = > uk,

e for dcreasing sequence of measurable sets, (E,), i.e., (VYn € N)(E,+1 C E,)

I (ﬂ En) = lim pFE,
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(Lebesgue) measurable sets are nice ones!

e following statements are equivalent

— FE is measurable

— (Ve >0)(Fopen O D E)(u' (O ~ E) <€)
— (Ve>0)(Jclosed FF C E)(u'(E ~ F) < ¢)
— (3Gs)(Gs D E)(0'(Gs ~ E) < ¢)

— (3F,)(F, C E) (W' (E ~ F,) <€)

o if u*E is finite, above statements are equivalent to

(Ve > 0) <EIU - O(ai, bi)) (W (UAE) < €)

1=1
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Lebesgue measure resolves problem in movitation

o let
Ei={z€[0,1]|lz € Q}, E> = {z € [0,1]]z € Q}

e 1" FE; = 0 because E; is countable, hence measurable and

,LLEl = /,L*El =0

e algebra implies F; = [0, 1] N E is measurable

e countable additivity implies uFE1 + uFo = uf[0, 1] = 1, hence

uElzl
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Lebesgue measurable functions

o for f: X — RU{—00,00}, i.e., extended real-valued function, the followings are
equivalent
— for every a € R, {x € X|f(x) < a} is measurable
— forevery a € R, {z € X|f(x) < a} is measurable
— forevery a € R, {x € X|f(x) > a} is measurable
— for every a € R, {x € X|f(x) > a} is measurable

e if so,
— forevery a € RU{—o00, 0}, {x € X|f(x) = a} is measurable

e extended real-valued function, f, called (Lebesgue) measurable function if

— domain is measurable
— any one of above four statements holds

(refer to page 423 for abstract counterpart)
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Properties of Lebesgue measurable functions

e for real-valued measurable functions, f and g, and c € R
— f+c cf, f+ g, fg are measurable

e for every extended real-valued measurable function sequence, {f,)

— sup fn, lim sup f, are measurable
— hence, inf f,,, lim inf f,, are measurable
— thus, if lim f,, exists, it is measurable

(refer to page 424 for abstract counterpart)
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Almost everywhere - a.e.

e statement, P(x), called almost everywhere or a.e. if
plz| ~ P(z)} =0

— e.g., f said to be equal to g a.e. if u{x|f(x) # g(x)} =0
— e.g., (fn) said to converge to f a.e. if

(AE with uE = 0)(Vx € E)(lim f,(z) = f(x))

e facts

— if f is measurable and f = g i.e., then g is measurable
— if measurable extended real-valued f defined on [a, b] with f(x) € R a.e., then for
every € > 0, exist step function g and continuous function A such that

plzl|f — gl > €} <€, p{z||f —h| > €} <e
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Characteristic & simple functions

e for any A C R, x4 called characteristic function if

1 z€ A
XA(x):{ 0 & A

— x A Is measurable if and only if A is measurable

e measurable ¢ called simple if for some distinct (a;);_,

p(x) = Z aixa,(x)

where A; = {x|z = a;}

(refer to page 425 for abstract counterpart)
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Littlewood’s three principles

let M (E) with measurable set, E, denote set of measurable functions defined on E
® cvery (measurable) set is nearly finite union of intervals, e.qg.,
— FE is measurable if and only if

(Ve > 0)(3{I; : open interval}; ) (n (EA(UIL,)) < €)

e every (measurable) function is nearly continuous, e.g.,
— (Lusin’s theorem)

(Vf € Mla,b])(Ve > 0)(3g € Cla, b)) (p{z|f(z) # g(z)} <€)
® every convergent (measurable) function sequence is nearly uniformly convergent, e.g.,

(V measurable {f,,) converging to f a.e. on E with uFE < 00)
(Ve >0and § > 0)(FA C E with u(A) < d and N € N)
(Vn > N,z € E~ A)(|fu(z) — f(z)] <€)
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Egoroff’s theorem

e [goroff theorem - provides stronger version of third statement on page 262

(V measurable (f,,) converging to f a.e. on E with uF < 00)
(JA C E with u(A) < €)(fn uniformly converges to f on E ~ A)
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Integral of simple functions
e canonical representation of simple function
n
p(z) = > aixa, ()
i=1

where a; are distinct A; = {x|p(x) = a;} - note A; are disjoint

o when u{x|p(x) # 0} < ocoand ¢ = > | a;xa4, is canonical representation, define

integral of ¢ by
/<P = /@(w)dflf = aipA;
i=1

e when F is measurable, define
/ Y = /SOXE

(refer to page 427 for abstract counterpart)

Searching for Universal Truths - Real Analysis - Lebesgue Integral 265



Sunghee Yun August 4, 2025

Properties of integral of simple functions

e for simple functions ¢ and ) that vanish out of finite measure set, i.e., p{x|p(x) #
0} < oo, u{x|yp(x) # 0} < oo, and for every a, b € R

/(acerb@b):a/cerb/w

(refer to page 427 for abstract counterpart)

e thus, even for simple function, ¢ = >-7" | a;xa, that vanishes out of finite measure
set, not necessarily in canonical representation,

/90 = Z a; b A;
=1

[z [u
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Lebesgue integral of bounded functions

e for bounded function, f, and finite measurable set, F,

sup < inf / Y
p: simple, p<f L 7 Y: simple, f<¢ Jp

— if f is defined on E, f is measurable function if and only if

sup Y = inf /w
p: simple, p<f /E Y: simple, f<v¢ J g

e for bounded measurable function, f, defined on measurable set, E, with uE < oo,
define (Lebesgue) integral of f over K

f(x)dx = sup /goz inf /?,b
/E‘ ( ) p: simple, p<f J E Y: simple, f<v¢ J g

(refer to page 428 for abstract counterpart)
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Properties of Lebesgue integral of bounded functions

e for bounded measurable functions, f and g, defined on E with finite measure

/E(af+bg)=a/Ef+b/Eg
/EfS/Eg

— for disjoint measurable sets, A, B C F,

Jowt = L7400

(refer to page 432 for abstract counterpart)
/f‘ < [1fes=gae = [ =g
E E E E
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Lebesgue integral of bounded functions over finite interval

e if bounded function, f, defined on [a, b] is Riemann integrable, then f is measurable

and )
/[a’b] f= R/a f(x)dx

where R [ denotes Riemann integral

e bounded function, f, defined on [a, b] is Riemann integrable if and only if set of points
where f is discontinuous has measure zero

e for sequence of measurable functions, (f,), defined on measurable E with finite
measure, and M > O, if |f,| < M for every n and f(x) = lim f,,(x) for every

r € F
/Eleim/Efn

Searching for Universal Truths - Real Analysis - Lebesgue Integral 269



Sunghee Yun August 4, 2025

Lebesgue integral of nonnegative functions

e for nonnegative measurable function, f, defined on measurable set, F/, define

/ f= sup / h
E h: bounded measurable function, pu{z|h(z)#0}<oco, h<f J E

(refer to page 430 for abstract counterpart)
e for nonnegative measurable functions, f and g

[(ar+boy=a [ s+b [
/EfS/EQ

for=).
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Fatou’s lemma and monotone convergence theorem for Lebesgue
integral

e [atou's lemma - for nonnegative measurable function sequence, (f,), with lim f,, = f

a.e. on measurable set, F/
/f<11m1nf/fn

— note lim f,, is measurable (page 259), hence f is measurable (page 260)

e monotone convergence theorem - for nonnegative increasing measurable function
sequence, (fy), with lim f,, = f a.e. on measurable set, £

/Ef=1im/Efn

(refer to page 431 for abstract counterpart)
e for nonnegative measure function, f, and sequence of disjoint measurable sets, (F;),

IRES A
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Lebesgue integrability of nonnegative functions

e nonnegative measurable function, f, said to be integrable over measurable set, F, if

[1<x

(refer to page 432 for abstract counterpart)

e for nonnegative measurable functions, f and g, if f is integrable on measurable set, F,
and g < f a.e. on FE, then g is integrable and

[u-a=[r-[s

e for nonnegative integrable function, f, defined on measurable set, E, and every ¢,
exists & > 0 such that for every measurable set A C E with pA < € (then f is

integrable on A, of course),
/ f<e
A
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Lebesgue integral

e for (any) function, f, define f* and f~ such that for every =

f(z) max{ f(z), 0}
f () = max{—f(z),0}

enote f=f"—f,|fl=f"+f, f =(FH"

e measurable function, f, said to be (Lebesgue) integrable over measurable set, E, if
(nonnegative measurable) functions, f and f~, are integrable

Jof = o =1

(refer to page 433 for Lebesgue counterpart)
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Properties of Lebesgue integral

e for f and g integrable on measure set, E/, and a,b € R

[@r+boy=a [ s+b [
/EfZ/Eg

— for disjoint measurable sets, A, B C E

Jou? = L7 ),

(refer to page 434 for abstract counterpart)

— af + bg is integral and

—if f > gae on F,
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Lebesgue convergence theorem (for Lebesgue integral)

e [cbesgue convergence theorem - for measurable g integrable on measurable set, F/, and
measurable sequence ( f,) converging to f with |f,| < g a.e. on E, (f is measurable
(page 259), every f, is integrable (page 272)) and

/Eleim/Efn

(refer to page 435 for abstract counterpart)
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Generalization of Lebesgue convergence theorem (for Lebesgue
integral)

e generalization of Lebesgue convergence theorem - for sequence of functions, (g,),
integrable on measurable set, E/, converging to integrable g a.e. on E, and sequence of
measurable functions, (f,), converging to f a.e. on E with |f,| < g, a.e. on E, if

/g:hm/gn
FE E

then (f is measurable (page 259), every f, is integrable (page 272)) and

/Eleim[Efn
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Comments on convergence theorems

e Fatou's lemma (page 271), monotone convergence theorem (page 271), Lebesgue
convergence theorem (page 275), all state that under suitable conditions, we say
something about

in terms of

e Fatou's lemma requires weaker condition than Lebesgue convergence theorem, i.e., only
requires “bounded below” whereas Lebesgue converges theorem also requires “bounded

above”
/lim frn < lim inf/fn

e monotone convergence theorem is somewhat between the two;

— advantage - applicable even when f not integrable
— Fatou's lemma and monotone converges theorem very clsoe in sense that can be
derived from each other using only facts of positivity and linearity of integral
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Convergence in measure

e (f,) of measurable functions said to converge f in measure if

(Ve > 0)(AN € N)(Vn > N)(u{x||fn — f| > €} <€)

e thus, third statement on page 262 implies

(V{fn) converging to f a.e. on E with uFE < o00)(f, converge in measure to f)

e however, the converse is not true, i.e., exists (f,) converging in measure to f that
does not converge to f a.e.

— e.g., XXX

e Fatou's lemma (page 271), monotone convergence theorem (page 271), Lebesgue
convergence theorem (page 275) remain valid! even when “convergence a.e.” replaced
by “convergence in measure”
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Conditions for convergence in measure

Proposition 32. [necessary condition for converging in measure]

(V(fn) converging in measure to f) (3 subsequence { f”k> converging a.e. to f )

Corollary 26. [necessary and sufficient condition for converging in measure] for sequence
(fn) measurable on E with uE < oo

{fn) converging in measure to f

& (‘v’ subsequence < f”k>) (3 its subsequence < f”kl> converging a.e. to f )
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Diagrams for relations among various spaces

e note from the figure

— metric should be defined to utter completeness
— metric spaces can be induced from normed spaces

metric spaces
vector spaces
complete spaces

topological spaces

normed spaces
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Normed linear space

e X called linear space if

(Vx,y € X,a,b € R)(ax + by € X)

e linear space, X, called normed space with associated norm || - || : X — Ry if

(Ve € X)(||z]] =0 = x =0)

(Vo € X, a € R)([laz]|| = [a[[z]])

— subadditivity
(Vz,y € X)(llz +yll < =l + llyl)
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LP? spaces

e [P = LP?|0, 1] denotes space of (Lebesgue) measurable functions such that

/ 7P < o
[0,1]

o define || - || : L — R4

1/p
1= 1£l, = </[ 1] |f|p)

e LP are linear normed spaces with norm || - ||, when p > 1 because
= [f(@)|" + [g(z) P < 2°([f (2)|” + [g(x)]”) implies (Vf, g € L?)(f + g € L")
- laf(@)” = |a|’|f(x)|” implies (Vf € L”,a € R)(af € L”)
- |fll=0= f=0a.e
= llafll = lall| £
= 7+ gll = 171l + [lg]l (Minkowski inequality)
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L*>° space

e [°° = L]0, 1] denotes space of measurable functions bounded a.e.

e L is linear normed space with norm

[£]l = [[flloc = ess sup[f| = inf —sup [g(x)|
g:g=f a.e z€[0,1]

— thus
[ flle = inf{M|p{z|f(z) > M} =0}
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Inequalities in L°

e Minkowski inequality - for p € [1, 00]

(Vf,g € LOYULf + gl < I1fllp + llgllp)

— if p € (1, 00), equality holds ifand only if (Ja, b > 0 with ab # 0)(af = bg a.e.)
e Minkowski inequality for 0 < p < 1:

(Vf,g € L)(f,g =2 0ae = [f +gllp > Ifllo + llgllp)

e Holder's inequality - for p,q € [1,00] with 1/p+1/q =1

(Vfe Lt gel? (fg € L' and / gl < / \f\p/ Ig\q>
0.1 0,1 0,1]

— equality holds if and only if (Ja,b > 0 with ab # 0)(a|f|? = b|g|? a.e.)
(refer to page 441 for complete measure spaces counterpart)
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Convergence and completeness in normed linear spaces

e (f,) in normed linear space
— said to converge to f, i.e., lim f, = for f, — f,if

(Ve > 0)(3N € N)(Vn > N)([[fn = fll <€)

— called Cauchy sequence if

(Ve > 0)(AN € N)(Vn,m > N)(||fn — full < €)

— called summable if 3" | f; converges
— called absolutely summable if >, | fi| converges

e normed linear space called complete if every Cauchy sequence converges

e normed linear space is complete if and only if every absolutely summable series is
summable
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Banach space

e complete normed linear space called Banach space

e (Riesz-Fischer) L” spaces are compact, hence Banach spaces

e convergence in LP called convergence in mean of order p

e convergence in L implies nearly uniformly converges
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Approximation in L?

o A = (d;),_owith0=dy <dy <---<d, =1 called subdivision of [0, 1] (with
A’L' — [di—17 dz])
o s for f € LP called step function if

pralz) = — / F(t)dt for z € [d;_y, dy)

z—|—1
o for f € L? (1 < p < 00), exist ¢ A and continuous function, 1 such that

lora;, — fll <eand [[vp — f] <€

— LP version of Littlewood's second principle (page 262)
(refer to page 441 for complete measure spaces counterpart)

o for f € L?, oran — fasmaxA; = 0, i.e,

(Ve > 0)(30 > 0)(maxA; < 6 = |lera — fllp <€)
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Bounded linear functionals on L?
e F': X € R for normed linear space X called linear functional it

(Vf, g € Fya,b € R)(F(af +bg) = aF(f)+ bF(g))

e linear functional, F', said to be bounded if

BEM)(Vf e X)(FHI < MIfID

e smallest such constant called norm of F’, i.e.,

|F] = sup [F(N)I/IfI

feX,f#0
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Riesz representation theorem

o forevery g € LY (1 < p < o0), following defines a bounded linear functional in L?

F(f):/fg

where || F|| = [|g]|4

® Riesz representation theorem - for every bounded linear functional in LP, F,
(1 < p < ), there exists g € L? such that

F(f)=/fg

where || F'|| = ||g]|4

(refer to page 442 for complete measure spaces counterpart)

e for each case, L? is dual of L” (refer to page 385 for definition of dual)
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Metric spaces

e (X, p) with nonempty set, X, and metric p : X X X — Ry called metric space if
forevery x,y,z € X

- plz,y) =0 x=y
- p(z,y) = p(y, x)
— p(z,y) < p(z, z) + p(z, y) (triangle inequality)

e examples of metric spaces
= (R, |- ), (R™, || - [[p) with 1 < p < o0

o for f C X, S, = {yl|lp(y,x) < 7} called ball
o for E C X, sup{p(x,y)|z,y € E} called diameter of E defined by

e p called pseudometric if 1st requirement removed

e p called extended metricif p: X x X — Ry U {oo}
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Cartesian product

e for two metric spaces (X, p) and (Y, o), metric space (X X Y ,7) with 7 :
X XY — R, such that

T((z1, 1), (22, 92)) = (plz1, 72)" + 0 (1, 92)) "

called Cartesian product metric space

e T satisfies all properties required by metric
— e.g., R" x R™ = R"™™
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Open sets - metric spaces

e O C X said to be open open if

(Ve € O)(39 > 0)(Vy € X)(p(y,x) <d =y € O)

— X and 0 are open
— intersection of finite collection of open sets is open
— union of any collection of open sets is open
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Closed sets - metric spaces

e x € X called point of closure of E C X if

(Ve > 0)(Jy € E)(p(y,x) < ¢)
- F denotes set of points of closure of E; called closure of E
- FCE

e I C X said to be closed if
F=F
— X and 0 are closed
— union of finite collection of closed sets is closed
— intersection of any collection of closed sets is closed

e complement of closed set is open

e complement of open set is closed
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Dense sets and separability - metric spaces
e D C X said to be dense if

D =X

e X is said to be separable if exists finite dense subset, 1i.e.,

(3D C X)(|D| < 00 & D = X)

e X is separable if and only if exists countable collection of open sets (O;) such that for

all open O C X
o= | o
OiCO
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Continuous functions - metric spaces

o f: X — Y for metric spaces (X, p) and (Y, o) called mapping or function from X
into Y

e f said to be onto if
f(X)=Y

e f said to be continuous at x € X if

(Ve > 0)(36 > 0)(Vy € X)(p(y,z) <= o(f(y), f(x)) <e)

e f said to be continuous if f is continuous at every x € X
e f is continuous if and only if for every open O C Y, f~1(O) is open

o if f: X —>Yandg:Y — Z are continuous, go f : X — Z is continuous
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Homeomorphism

e one-to-one mapping of X onto Y (or equivalently, one-to-one correspondece between
X and Y), f, said to be homeomorphism if

— both f and ™! are continuous
e X and Y said to be homeomorphic if exists homeomorphism

e topology is study of properties unaltered by homeomorphisms and such properties called
topological

e one-to-one correspondece X and Y is homeomorphism if and only if it maps open sets
in X to open sets in Y and vice versa

e cvery property defined by means of open sets (or equivalently, closed sets) or/and being
continuous functions is topological one

— e.g., f is continuous on X is homeomorphism, then f o h™! is continuous function
onY
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Isometry

e homeomorphism preserving distance called isometry, i.e.,

(Vz,y € X)(o(h(z), h(y)) = p(z,y))

e X and Y said to be isometric if exists isometry

e (from abstract point of view) two isometric spaces are exactly same; it's nothing but
relabeling of points

e two metrics, p and o on X, said to be equivalent if identity mapping of (X, p) onto
(X, o) is homeomorphism

— hence, two metrics are equivalent if and only if set in one metric is open whenever
open in the other metric
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Convergence - metric spaces

e (x,) defined for metric space, X

— said to converge to x, i.e., limx, = x or x,, — x, if
(Ve > 0)(AN € N)(Vn > N)(p(xp,x) < €)

— equivalently, every ball about = contains all but finitely many points of (x,)

— said to have cluster point, x, if
(Ve > 0,N € N)(3In > N)(p(zn, z) < €)

— equivalently, every ball about = contains infinitely many points of (x,,)
— equivalently, every ball about = contains at least one point of (x,)

e every convergent point is cluster point
— converse not true
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Completeness - metric spaces

e (x,) of metric space, X, called Cauchy sequence if

(Ve > 0)(AN € N)(Vn,m > N)(p(xn, Tm) < €)

e convergence sequence is Cauchy sequence

e X said to be complete if every Cauchy sequence converges
— e.g., (R, p) with p(z,y) = |z — y

e for incomplete (X, p), exists complete X where X is isometrically embedded in X~
as dense set

e if X contained in complete Y, X* is isometric with X in Y
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Uniform continuity - metric spaces

o f: X — Y for metric spaces (X, p) and (Y, o) said to be uniformly continuous if

(Ve > 0)(30)(Vz,y € X)(p(z,y) <6 = o(f(x), f(y)) <e¢)

— example of continuous, but not uniformly continuous function
— h:[0,1) - Ry with h(z) = /(1 — x)
— h maps Cauchy sequence (1 —1/n) " in [0,1) to (n — 1)’7, in R, which
is not Cauchy sequence

e homeomorphism f between (X, p) and (Y, o) with both f and f~' uniformly
continuous called uniform homeomorphism
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Uniform homeomorphism

e uniform homeomorphism f between (X, p) and (Y, o) maps every Cauchy sequence
() in X mapped to {f(x,)) in Y which is Cauchy
— being Cauchy sequence, hence, being complete preserved by uniform homeomorphism
— being uniformly continuous also preserved by uniform homeomorphism

e cach of three properties (being Cauchy sequence, being complete, being uniformly
continuous) called uniform property

e uniform properties are not topological properties, e.g., h on page 303
— is homeomorphism between incomplete space [0, 1) and complete space R
— maps Cauchy sequence (1 — 1/n) >, in [0,1) to (n — 1)~ in Ry, which is not
Cauchy sequence
— its inverse maps uniformly continuous function sin back to non-uniformly continuity
function on [0, 1)
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Uniform equivalence

e two metrics, p and o on X, said to be wuniformly equivalent if identity mapping of
(X, p) onto (X, o) is uniform homeomorphism, i.e.,

(Ve, 8 > 0,z,y € X)(p(z,y) <6 = o(z,y) <e&o(z,y) <5 = p(z,y) <e¢)

e example of uniform equivalence on X X Y
— any two of below metrics are uniformly equivalent on X X Y

(71, Y1), (22, 92)) = (P(£U1,x2)2 + o(y1, y2)2)1/2

p1((x1, Y1), (%2, y2)) = p(x1, T2) + (Y1, Y2)
poo((T1, Y1), (T2, y2)) = max{p(x1, x2), 0(y1,y2)}

e for (X, p) and complete (Y, o) and f : X — Y uniformly continuous on £ C X
into Y, exists unique continuous extension g of f on E, which is uniformly continuous
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Subspaces

e for metric space, (X, p), metric space (S, ps) with S C X and pg being restriction
of p to S, called subspace of (X, p)
— e.g. (with standard Euclidean distance)

- Q is subspace of R
- {(z,y) € R2| y = 0} is subspace of R?, which is isometric to R

e for metric space, X, and its subspace, S,
— E C S is closure of E relative to S.
— A C S is closure relative to S if and only if (3F C A)(A=FnNS)
— A C O is open relative to S if and only if (3 open O C A)(A=0nNS)

e also

— every subspace of separable metric space is separable
— every complete subset of metric space is closed
— every closed subset of complete metric space is complete

Searching for Universal Truths - Real Analysis - Metric Spaces 306



Sunghee Yun August 4, 2025

Compact metric spaces

e motivation - want metric spaces where
— conclusion of Heine-Borel theorem (page 241) are valid
— many properties of [0, 1] are true, e.g., Bolzano-Weierstrass property (page 309)

® c.g.,
— bounded closed set in R has finite open covering property

e metric space X called compact metric space if every open covering of X, U/, contains
finite open covering of X, e.g.,

(V open covering of X, U)(F{O1,...,0,} CU)(X € UO;)

o A C X called compact if compact as subspace of X
— 1.e., every open covering of A contains finite open covering of A
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Compact metric spaces - alternative definition

e collection, F, of sets in X said to have finite intersection property if every finite
subcollection of F has nonempty intersection

e if rephrase definition of compact metric spaces in terms of closed instead of open

— X is called compact metric space if every collection of closed sets with empty
intersection contains finite subcollection with empty intersection

e thus, X is compact if and only if every collection of closed sets with finite intersection
property has nonempty intersection
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Bolzano-Weierstrass property and sequential compactness

® metric space said to

— have Bolzano-Weierstrass property if every sequence has cluster point
— X said to be sequentially compact if every sequence has convergent subsequence

e X has Bolzano-Weierstrass property if and only if sequentially compact (proof can be
found in Proof 15)
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Compact metric spaces - properties

e following three statements about metric space are equivalent

— being compact
— having Bolzano-Weierstrass property
— being sequentially compact

e compact metric spaces have corresponding to some of those of complete metric spaces
(compare with statements on page 306)
— every compact subset of metric space is closed and bounded
— every closed subset of compact metric space is compact

e (will show above in following slides)
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Necessary condition for compactness

e compact metric space is sequentially compact (proof can be found in Proof 16)

e equivalently, compact metric space has Bolzano-Weierstrass property (page 309)
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Necessary conditions for sequentially compactness

e every continuity real-valued function on sequentially compact space is bounded and
assumes its maximum and minimum

e sequentially compact space is totally bounded

e every open covering of sequentially compact space has Lebesgue number
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Sufficient conditions for compactness

e metric space that is totally bounded and has Lebesgue number for every covering is
compact
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Borel-Lebesgue theorem

e conditions on pages 311, 312, and 313 imply the following equivalent statements

— X is compact
— X has Bolzano-Weierstrass property
— X is sequentially compact

e above called Borel-Lebesgue theorem

e hence, can drop sequentially in every statement on page 312, i.e.,
— every continuity real-valued function on compact space is bounded and
assumes its maximum and minimum
- compact space is totally bounded
— every open covering of compact space has Lebesgue number
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Compact metric spaces - other facts

e closed subset of compact space is compact

e compact subset of metric space is closed and bounded

— hence, Heine-Borel theorem (page 241) implies
set of R is compact if and only if closed and bounded

® metric space is compact if and only if it is complete and totally bounded

e thus, compactness can be viewed as absolute type of closedness
- refer to page 355 for exactly same comments for general topological spaces

e continuous image of compact set is compact

e continuous mapping of compact metric space into metric space is uniformly continuous
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Diagrams for relations among metric spaces

e the figure shows relations among metric spaces stated on pages 312, 313, 314, and 315

totally bounded

complete Lebesgue number

compact
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Baire category

e do (more) deeply into certain aspects of complete metric spaces, namely, Baire theory
of category

e subset I in metric space where ~ (E) is dense, said to be nowhere dense
— equivalently, E contains no nonempty open set

e union of countable collection of nowhere open sets, said to be of first category or
meager

e set not of first category, said to be of second category or nonmeager

e complement of set of first category, called residual or co-meager
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Baire category theorem

® Baire theorem - for complete metric space, X, and countable collection of dense open
subsets, (O) C X, the intersection of the collection

No

Is dense

- refer to page 366 for locally compact space version of Baire theorem

e [Baire category theorem - no nonempty open subset of complete metric space is of first
category, i.e., union of countable collection of nowhere dense subsets

e Baire category theorem is unusual in that uniform property, i.e., completeness of metric

spaces, implies purely topological nature’

20 nonempty open subset of complete metric space is of first category” is purely topological nature because if two spaces
are (topologically) homeomorphic, and no nonempty open subsets of one space is of first category, then neither is any nonempty
open subset of the other space
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Second category everywhere

e metric or topological spaces with property that “no nonempty open subset of complete
metric space is of first category”, said to be of second category everywhere (with respect
to themselves)

e Baire category theorem says complete metric space is of second category everywhere

e locally compact Hausdorff spaces are of second category everywhere, too (refer to
page 363 for definition of locally compact Hausdorff spaces)

— for these spaces, though, many of results of category theory follow directly from local
compactness
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Sets of first category

e collection of sets with following properties, called a o-ideal of sets

— countable union of sets in the collection is, again, in the collection
— subset of any in the collection is, again, in the collection

e both of below collections are o-ideal of sets

— sets of first category in topological space
— measure zero sets in complete measure space

e sets of first category regards as “small” sets
— such sets in complete metric spaces no interior points

e interestingly! set of first category in [0, 1] can have Lebesgue measure 1, hence
complement of which is residual set of measure zero
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Some facts of category theory

e for open set, O, and closed set, F', O ~ O and F' ~ F° are nowhere dense
e closed set of first category in complete metric space is nowhere dense

e subset of complete metric space is residual if and only if contains dense G, hence
subset of complete metric space is of first category if and only if contained in F, whose
complement is dense

e for countable collection of closed sets, (F,), |J F.° is residual open set; if |J F}, is
complete metric space, O is dense

e some applications of category theory to analysis seem almost too good to be belived;
here's one:

e uniform boundedness principle - for family, JF, of real-valued continuous functions
on complete metric space, X, with property that (Vo € X)(IM, € R)(Vf €
F)f(x)] < M)

(Jopen O, M € R)(Vz € O, f € F)(|f(x)| < M)
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Absolute G§'s

e XXX Royden pl64

Searching for Universal Truths - Real Analysis - Metric Spaces 322



Sunghee Yun August 4, 2025

Ascoli-Arzela theorem

e XXX Royden pl67
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Motivation for topological spaces

e want to have something like
— notion of open set is fundamental
— other notions defined in terms of open sets
— more general than metric spaces

e why not stick to metric spaces?
— certain notions have natural meaning not consistent with topological concepts derived
from metric spaces
— e.g.. weak topologies in Banach spaces
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Topological spaces

e (X,J) with nonempty set X of points and family J of subsets, which we call open,
having the following properties called topological spaces
-0, X€ey
- 01,0, €J=>0,N03 €Y
— Oqf = U0y €7

e family, J, is called topology

e for X, always exist two topologies defined on X

— trivial topology having only () and X
— discrete topology for which every subset of X is an open set
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Topological spaces associated with metric spaces

e can associate topological space, (X, J), to any metric space (X, p) where J is family
of open sets in (X, p)

*.* because properties in definition of topological space satisfied by open sets in metric
space

e (X, J) assiaciated with metric space, (X, p) said to be metrizable
— p called metric for (X, J)

e distinction between metric space and associated topological space is essential

*.* because different metric spaces associate same topological space
— in this case, these metric spaces are equivalent

e metric and topological spaces are couples
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Some definitions for topological spaces

e subset I C X with F is open called closed

e intersection of all closed sets containing E C X called closure of E denoted by E
— E is smallest closed set containing E

e = € X called point of closure of E C X if every open set containing x meets F, i.e.,
has nonempty intersection with F

e union of all open sets contained in E C X s called interior of E denoted by E°

e = € X called interior point of E if exists open set, E/, withx € O C E
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Some properties of topological spaces

e (), X are closed
e union of closed sets is closed

e intersection of any collection of closed sets is closed

e ECE E=E AUB=AUB

e [ closed if and only if F = F

e E is set of points of closure of E

e E°CE,(E°) =E°, (AUB)°= A°UB°

e E° is set of interior points of

° (E)o =~ F
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Subspace and convergence of topological spaces

e for subset of (X, J), A, define topology G for A with & = {A N O|O € J}

— & called topology inherited from J
— (A, G) called subspace of (X, J)

e (x,) said to convergeto x € X if

(VO € J containing z)(IN € N)(Vn > N)(x, € O)

— denoted by lim 7. — o

e (x,) said to have x € X as cluster point if

(VO € J containing x, N € N)(3In > N)(z, € O)

e (x,) has converging subsequence to x € X, then x is cluster point of (x,,)
— converse is not true for arbitrary topological space
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Continuity in topological spaces

e mapping f : X — Y with (X, J), (Y, ©) said to be continuous if
(VO € &)(f7(0) €7)

e f: X — Y said to be continuous at x € X if

(VO € & containing f(x))(3U € J containing x)(f(U) C O)

e f is continuous if and only if f is continuous at every x € X

e for continuous f on (X, J), restriction g on A C X is continuous (proof can be found
in Proof 17)

e for A with A = A;U A5 where both A; and A5 are either openorclosed, f : A — Y
with each of both restrictions, f|A; and f|As, continuous, is continuous
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Homeomorphism for topological spaces

e one-to-one continuous function of X onto Y, f, with continuous inverse function,
£~ called homeomorphism between (X, J) and (Y, &)

e (X,J) and (Y, G) said to be homeomorphic if exists homeomorphism between them

e homeomorphic spaces are indistinguishable where homeomorphism amounting to
relabeling of points (from abstract pointp of view)

e thus, below roles are same

— role that homeomorphism plays for topological spaces
— role that isometry plays for metric spaces
— role that isomorphism plays for algebraic systems
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Stronger and weaker topologies

e for two topologies, J and G for same X with & D J

— G said to be stronger or finer than J

— J said to be weaker or coarser than &
e G is stronger than J if and only if identity mapping of (X, &) to (Y, J) is continuous
e for two topologies, J and G for same X, J N S also topology

e for any collection of topologies, {J.} for same X, N,J, is topology

e for nonempty set, X, and any collection of subsets of X, C
- i.e., weakest topology where all subsets in C

are open
— it is intersection of all topologies containing C
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Bases for topological spaces

e collection B of open sets of (X, J) called a base for topology, J, of X if
(VO € J,x € O)(dB € B)(x € B C O)

e collection B, of open sets of (X, J) containing x called a base at x if

(VO € J containing )(3dB € B,)(x € B C O)

— elements of B, often called neighborhoods of x
— when no base given, neighborhood of x is an open set containing x

e thus, B of open sets is a base if and only if contains a base for every x € X

e for topological space that is also metric space

— all balls from a base
— balls centered at « form a base at x
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Characterization of topological spaces in terms of bases

e definition of open sets in terms of base - when B is base of (X, J)

(O€eJ)<e (Ve O)IAB € B)(x € B C O)

e often, convenient to specify topology for X by
— specifying a base of open sets, B3, and
— using above criterion to define open sets

e collection of subsets of X, 13, is base for some topology if and only if
(Vx € X)(IB € B)(x € B)
and
(Vx € X, B1,By € Bwithx € B1 N By)(3dBs € B)(x € Bs C B1 N By)

— condition of collection to be basis for some topology
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Subbases for topological spaces

e for (X, J), collection of open sets, C called a subbase for topology J if
(VO € J,z € O)(3(C;);_, CC)(x € NC; C O)

— sometimes convenient to define topology in terms of subbase

e for subbase for Jj, C, collection of finite intersections of sets from C forms base for J

e any collection of subsets of X is subbase for weakest topology where sets of the
collection are open
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Axioms of countability

e topological space said to satisfy first axiom of countability if exists countable base at
every point

— every metric space satisfies first axiom of countability because for every x € X, set
of balls centered at x with rational radii forms base for x

e topological space said to satisfy second axiom of countability if exists countable base
for the space

— every metric space satisfies second axiom of countability if and only if separable
(refer to page 297 for definition of separability)
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Topological spaces - facts

e given base, BB, for (X, J)
—x € Eifandonly if (3B € B)(x € B& BN E # 0)

e given base at x for (X, J), B, and base at y for (Y, &), €,
— f: X — Y continuous at x if and only if (VC € €,)(3B € B,)(B C f1(0))

o if (X,J) satisfies first axiom of countability
— x € E ifand only if (3{z,) from E)(lim z,, = x)

— x cluster point of {(x,) if and only if exists its subsequence converging to x

o (X,J) said to be Lindelof space or have Lindelof property if every open covering of X
has countable subcover

e second axiom of countability implies Lindelof property
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Separation axioms

e why separation axioms
— properties of topological spaces are (in general) quite different from those of metric

spaces
— often convenient assume additional conditions true in metric spaces

® separation axioms

— It - Tychonoff spaces
- (Ve #y € X)(Jopen O C X)(y € O,x & O)
— T - Hausdorff spaces
- (\V/CC * Yy € X)(H open 01,05 C X with O1 N Oy = @)(CE € O,y € 02)
— 13 - regular spaces
- Th& (Vclosed F C X,z & F)(3 open O1, 02 C X with O1NO2 = 0)(x €
O1, F C Oy)
— T4 - normal spaces
- Ty & (V closed Fy, Fs C X)(3 open O1,05 C X with O1 N Oy = 0)(Fy C
Ol, Fy C 02)
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Separation axioms - facts

e necessary and sufficient condition for T}

— topological space satisfies T3 if and only if every singletone, {x}, is closed

e important consequences of normality, T}

— Urysohn's lemma - for normal topological space, X

(V disjoint closed A, B C X)(3f € C(X,[0,1]))(f(A) =10}, f(B) ={1})

— Tletze's extension theorem - for normal topological space, X

(Vclosed AC X, fe C(A,R))(dg € C(X,R))(Vx € A)(g(x) = f(x))

— Urysohn metrization theorem - normal topological space satisfying second axiom of
countability is metrizable
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Weak topology generated by functions

e given any set of points, X & any collection of functions of X into R, JF, exists weakest
totally on X such that all functions in F is continuous

— it is weakest topology containing - refer to page 333

c = U o

feF ocR

— called weak topology generated by F
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Complete regularity

e for (X,J) and continuous function collection F, weak topology generated by F is
weaker than J

— however, if
(¥ closed F' C X,z & F)(3f € F)(f(A) = {0}, f(z) = 1)
then, weak topology generated by F coincides with J

— if condition satisfied by 7 = C'(X, R), X said to be completely regular provided X
satisfied 77 (Tychonoff space)

e every normal topological (1) space is completely regular (Urysohn's lemma)
e every completely regular space is regular space (73)

e complete regularity sometimes called 77,1
2
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Diagrams for separation axioms for topological spaces

e the figure shows T = Tg% = T3 = Ty = T}

® every metric spaces is normal space

. h

7/ .

T1
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Topological spaces of interest

e very general topological spaces quite bizarre

— do not seem to be much needed in analysis
e only topological spaces (Royden) found useful for analysis are
— metrizable topological spaces

— locally compact Hausdorff spaces
— topological vector spaces

e all above are completely regular

e algebraic geometry, however, uses Zariski topology on affine or projective space,
topology giving us compact 17 space which is not Hausdorff
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Connectedness

e topological space, X ,said to be connected if not exist two nonempty disjoint open sets,
O and O, such that O; U Oy = X

— such pair, (O1, O3), if exist, called separation of X

— pair of disjoint nonempty closed sets, (F1, F»), with F} U Fy, = X is also separation
of X - because they are also open

e X is connected if and only if only subsets that are both closed and open are @ and X
e subset ¥ C X said to be connected if connected in topology inherited from (X, J)

— thus, E is connected if not exist two nonempty open sets, O and Os, such that
ECOluOgandEﬂOlﬂng(Z)
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Properties of connected space, component, and local connectedness

e if exists continuous mapping of connected space to topological space, Y, Y is connected

® (generalized version of) intermediate value theorem - for f : X — R where X is
connected

(Vx,y € X,c € Rwith f(x) < c < f(y))(Fz € X)(z = f(2))

e subset of R is connected if and only if is either interval or singletone
e for x € X, union of all connected sets containing x is called component

— component is connected and closed
— two components containing same point coincide
— thus,

e X said to be locally connected if exists base for X consisting of connected sets

— components of locally connected space are open
— space can be connected, but not locally connected
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Product topological spaces

o for (X,J) and (Y, &), topology on X X Y taking as a base the following
{01 X 02|01 c 3, 02 c 6}

called product topology for X XY

— for metric spaces, X and Y, product topology is product metric

e for indexed family with index set, A, (X, Ja), product topology on X _ , X, defined
as taking as a base the following

{XXa

Ou € Juo, On = X, except finite number of a}

o ,: X X, — X, with mo(y) = x4, i-e., a-th coordinate, called projection

— every T, continuous
— X X, weakest topology with continuous 7, 's

o if (Va e A)(X, = X), XX, denoted by
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Product topology with countable index set

e for countable A

— X X denoted by or *.- only # elements of A important
— e.g., 2% is Cantor set if denoting discrete topology with two elements by 2

o if X is metrizable, X“ is metrizable

° when denoting discrete topology
with countable set also by N
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Product topologies induced by set and continuous functions

o for I = [0,1], I* called cube
e [¥ is metrizable, and called Hilbert cube
e for any set X and any collection of f : X — [0, 1], F with (Vx # y € X)(3f €
F)(f(z) # f(y))
— can define one-to-one mapping of F into I* with f(x) as x-th coordinate of f
— 7, F — I (mapping of F into I) with 7, (f) = f(x)
— topology that F inherits as subspace of I called topology of pointwise
convergence (because 7, is project, hence continuous)
— can define one-to-one mapping of X into I” with f(x) as f-th coordinate of x
— topology of X as subspace of I” is weak topology generated by F
— if every f € F is continuous,
— topology of X into I” is continuous

— if for every closed F' C X and for each x & F', exists f € JF such that
f(x) =1 and f(F) = {0}, then X is homeomorphic to image of I”
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Direct union and direct summand

o XXX
— Royden p 185
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Topological and uniform properties

o XXX
— Royden p 187
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Nets

o XXX
— Royden p 188
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Compact spaces

e compactness for metric spaces (page 307) can be generalized to topological spaces

— things are very much similar to those of metrics spaces

e for subset K C X, collection of open sets, U, the union of which K is contained in
called open covering of K

e topological space, X, said to be compact if every open convering of contains finite
subcovering

e K C X said to be compact if compact as subspace of X

— or equivalently, K is compact if every covering of K by open sets of X has finite
subcovering
— thus, Heine-Borel (page 241) says every closed and bounded subset of R is compact

e for 7 C P(X) any finite subcollection of which has nonempty intersection called finite
Intersection property

e thus, topological space compact if and only if every collection with finite intersection
property has nonempty intersection
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Sunghee Yun
Compact spaces - facts

® compactness can be viewed as absolute type of closedness because

— closed subset of compact space is compact
— compact subset of Hausdorff space is closed

- refer to page 315 for exactly the same comments for metric spaces

e thus, every compact set of R is closed and bounded

e continuous image of compact set is compact

space into Hausdorff space is

e one-to-one continuous mapping of compact

homeomorphism
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Refinement of open covering

e for open covering of X, U, open covering of X every element of which is subset of
element of U, called refinement of U or said to refine U

e X is cmopact if and only if every open covering has finite refinement

e any two open covers, U and V, have common refinement, i.e.,

{UNV|U elU,V € V}
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Countable compactness and Lindelof

e topological space for which every open covering has countable subcovering said to be
Lindelof

e topological space for which every countable open covering has finite subcovering said to
be countably compact space

e thus, topological space is compact if and only if both Lindelof and countably compact
e every second countable space is Lindelof

e thus, countable compactness coincides with compactness if second countable (i.e.,
satisfying second axiom of countability)

e continuous image of compact countably compact space is countably compact
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Bolzano-Weierstrass property and sequential compactness

e topological space, X, said to have Bolzano-Weierstrass property if every sequence,
(), in X has at least one cluster point, i.e.,

(V{x,))(dxz € X)(Ve >0, N € N)(dn > N,O C X)(x € O,0 is open,z, € O)
e topological space has Bolzano-Weierstrass properties if and only if countably compact

e topological space said to be sequentially compact if every sequence has converging
subsequence

e sequentially compact space is countably compact

e thus, Lindelof coincides with compactness if sequentially compact

e countably compact and first countable (i.e., satisfying first axiom of countability) space
Is sequentially compact
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Diagrams for relations among topological spaces

e the figure shows relations among topological spaces stated on pages 357 and 358

BW ==CC

Lindelof

2nd countable

sequentially compact
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Real-valued functions on topological spaces

e continuous real-valued function on countably compact space is bounded and assumes
maximum and minimum

e f: X — R with topological space, X, called upper semicontinuous if {x €
X|f(x) < a} is open for every o € R

e stronger statement - upper semicontinuous real-valued function on countably compact
space is bounded (from above) and assumes maximum

e Dini - for sequence of upper semicontinuous real-valued functions on countably compact
space, (fn), with property that (f,(x)) decreases monotonically to zero for every
x € X, (fn) converges to zero uniformly
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Products of compact spaces

e most applications in analysis need only special case of product of (closed) intervals, but
this special case does not seem to be easire to prove than general case, .e., Tychonoff
theorem

e |lemmas needed to prove Tychonoff theorem
— for collection of subsets of X with finite intersection property, A, exists collection
B DO A with finite intersection property that is maximal with respect to this property,
i.e., no collection with finite intersection property properly contains B
— for collection, B, of subsets of X that is maximal with respect to finite intersection
property, each intersection of finite number of sets in B is again in B and each set
that meets each set in B is itself in B

e [ychonoff theorem - product space X X, is compact for indexed family of compact
topological spaces, (X,)
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Locally compact spaces

e topological space, X, with
(Vz € X)(F open O C X)(z € O, O is compact)

called locally compact

e topological space is locally compact if and only if set of all open sets with compact
closures forms base for the topological space

® every compact space is locally compact

— but converse it not true
- e.g., Euclidean spaces R™ are locally compact, but not compact
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Locally compact Hausdorff spaces

e J/ocally compact Hausdorff spaces constitute one of most important classes of topological
spaces

e so useful is combination of Hausdorff separation axioms in connection with compactness
that French usage (following Bourbaki) reserves term ‘compact space’ for those compact
and Hausdorff, using term ‘pseudocompact’ for those not Hausdorff!

e following slides devote to establishing some of their basic properties
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Support and subordinateness

e for function, f, on topological spaces, closure of {x|f(x) # 0}, called support of f,
1.€.,

support f = {z|f(x) # 0}

e given covering {O,} of X, collection {p,} with ¢, : X — R satisfying

(Vo) (FO) (support o, C O))

said to be subordinate to {Oy}
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Some properties of locally compact Hausdorff spaces

e for compact subset, K, of locally compact Hausdorff space, X

— exists open subset with compact closure, O C X, containing K
— exists continuous nonnegative function, f, on X, with

(Vz € K)(f(x) =1) and (Vz ¢ O)(f(x) = 0)

if K is Gy, may take f < 1in K

e for open covering, {O,}, for compact subset, K, of locally compact Hausdorff space,
exists {(¢;);_; C C(X,R4) subordinate to {O,} such that

(Vo € K)(pi(z) + -+ @n(z) = 1)
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Local compactness and second Baire category

e for locally compact space, X, and countable collection of dense open subsets,
(Of) C X, the intersection of the collection

No

Is dense

— analogue of Baire theorem for complete metric spaces (refer to page 318 for Baire
theorem)

e thus, every locally compact space is locally of second Baire category with respect to
itself
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Local compactness, Hausdorffness, and denseness

e for countable union, | J F),, of closed sets containing open subset, O, in locally compact
space, union of interiors, | J F},°, is open set dense in O

e dense subset of Hausdorff space, X, which is locally compact in its subspace topology,
is open subset of X

e subset, Y, of locally compact Hausdorff space is locally compact in its subspace
topology if and only if 'Y is relatively open subset of Y
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Alexandroff one-point compactification

e for locally compact Hausdorff space, X, can form X™ by adding single point w € X to
X and take set in X ™ to be open if it is either open in X or complement of compact
subset in X, then
— X™ is compact Hausdorff spaces
— identity mapping of X into X" is homeomorphism of X and X" ~ {w}

— X7 called Alexandroff one-point compactification of X
— w often referred to as infinity in X *

e continuous mapping, f, from topological space to topological space inversely mapping
compact set to compact set, said to be proper

e proper maps from locally compact Hausdorff space into locally compact Hausdorff space
are precisely those continuous maps of X into Y tha can be extended to continuous
maps f* of X™ into Y™ by taking point at infinity in X ™ to point at infinity in Y*
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o-compact spaces

e XXX - Royden p203
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Manifolds

e connected Hausdorff space with each point having neighborhood homeomorphic to ball
in R" called n-dimensional manifold

e sometimes say manifold is connected Hausdorff space that is locally Euclidean

e thus, manifold has all local properties of Euclidean space; particularly locally compact
and locally connected

e neighborhood homeomorphic to ball called coordinate neighborhood or coordinate ball

e pair (U, ) with coordinate ball, U, with homeomorphism from U onto ball in R", ¢,
called coodinate chart; ¢ called coordinate map

e coordinate (in R™) of point, x € U, under ¢ said to be coordinate of x in the chart
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Equivalent properties for manifolds

e for manifold, M, the following are equivalent

— M is paracompact

— M is o-compact

— M is Lindelof

— every open cover of M has star-finite open refinement

— exist sequence of open subsets of M, (O,,), with O, compact, O,, C Op+1, and
M =0,

— exists proper continuous map, ¢ : M — [0, 00)

— M is second countable
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XXX other things about manifolds

e Royden p 207-208
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Stone-Cech compactification

e XXX Royden p209
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Stone-Weierstrass theorem

e XXX Royden p210
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Vector spaces

e set X with +: X X X — X, - : RXx X — X satisfying the following properties
called vector space or linear space or linear vector space over R

-forall z,y,z € X and A\, u € R

additive commutativity

T+Y=Yy+x
(x+y)+z=x+(y+2)
(I0eEX)z+0=2x

Mz +y) =Ax + Ay

additive associativity

additive identity

distributivity of multiplication over addition

AN+ pu)x = Az + px - distributivity of multiplication over addition
Apx) = (Ap)x - multiplicative associativity
O-z2=0€e X
l-z==x
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Norm and Banach spaces

e || - || : X — R4 with vector space, X, called norm if

forall z,y € X and o € R

||| =0 =0 - positive definiteness / positiveness /point-separating
|z 4+ y|| > |l=|| + ||yl - triangle inequality / subadditivity
|lax|| = |a|||x|| - Absolute homogeneity

® normed vector space that is complete metric space with metric induced by norm, i.e.,
p: X XX — Ry with p(z,y) = ||x — y||, called Banach space

— can be said to be class of spaces endowed with both topological and algebraic
structure
e examples include
— LP with 1 < p < oo (page 288),
- C(X) = C(X,R), i.e., space of all continuous real-valued functions on compact
space, X
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Properties of vector spaces

e normed vector space is complete if and only if every absolutely summable sequence is
summable
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Subspaces of vector spaces

e nonempty subset, S, of vector space, X, with x,y € S = Ax + uy € S, called
subspace or linear manifold

e intersection of any family of linear manifolds is linear manifold

e hence, for A C X, exists smallest linear manifold containing A, often denoted by

e if S is closed as subset of X, called closed linear manifold

e some definitions

— A + x defined by {y + x|y € A}, called translate of A by x
— M\A defined by {\z|z € A}
— A + B defined by {x + y|lz € A,y € B}
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Linear operators on vector spaces

e mapping of vector space, X, to another (possibly same) vector space called linear
mapping, or linear operator, or linear transformation if

(Vz,y € X, a, B € R)(A(ax + Byy) = a(Azx) + B(Ay))
e linear operator called bounded if

(AM) (Ve € X)([|Az|| < M||z]])

e least such bound called norm of linear operator, i.e.,

M = sup [[Az|/[z]]
reX,x#0

— linearity implies

M = sup [[Az| = sup [Az]
zeX,||||=1 zeX,||zl|<1
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Isomorphism and isometrical isomorphism

e bounded linear operator from X to Y called isomorphism if exists bounded inverse
linear operator, i.e.,

(JA: X —- Y, B:Y — X)(AB and BA are identity)

e isomorphism between two normed vector spaces that preserve norms called isometrical
iIsomorphism

e from abstract point of view, isometrically isomorphic spaces are identical, i.e., isometrical
isomorphism merely amounts to element renaming
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Properties of linear operators on vector spaces

e for linear operators, point continuity = boundedness = uniform continuity, i.e.,

— bounded linear operator is uniformly continuous
— linear operator continuous at one point is bounded

® space of all bounded linear operators from normed vector space to Banach space is
Banach space
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Linear functionals on vector spaces

e linear operator from vector space, X, to R called linear functional, i.e., f : X — R
such that for all z,y € X and o, 8 € R

flaz + By) = af(x) + Bf(y)

e want to extend linear functional from subspace to whole vector space while preserving
properties of functional
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Hahn-Banach theorem

e /Hahn-Banach theorem - for vector space, X, and linear functional, p : X — R with
(Vo,y € X,a > 0)(p(z +y) < p(x) + p(y) and p(az) = ap(z))

and for subspace of X, S, and linear functional, f : S — R, with

(Vs € 5)(f(s) < p(s))

exists linear functional, F' : X — R, such that

(Vs € S)(F(s) = f(s)) and (Vz € X)(F(z) < p(x))

e corollary - for normed vector space, X, exists bounded linear functional, f : X — R

fz) = £l
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Dual spaces of normed spaces

e space of bounded linear functionals on normed space, X, called dual or conjugate of
X, denoted by

e every dual is Banach space (refer to page 382)

e dual of L? is (isometrically isomorphic to) L? for 1 < p < oo

— exists natural representation of bounded linear functional on L? by L? (by Riesz
representation theorem on page 291)

e not every bounded linear functionals on L has natural representation (proof can be
found in Proof 18)
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Natural isomorphism

e define linear mapping of normed space, X, to X™ (i.e., dual of dual of X),
@: X — X suchthat forx € X, (Vf € X*)((e(x))(f) = f(x))

= then, [[@(2)[| = supjg=1 gex* 9(%) < supjg=1 gex+ lgllllz]l = [lz]]

— by corollary on page 384, there exists f € X* such that f(x) = ||z||, then
[fll =1, and f(z) = |l=]], thus [[p(z)]| = sup)gj=1 4ex+ 9(x) = f(z) = [[z]

— thus, |[¢(x)|| = ||z]|, hence ¢ is isometrically isomorphic linear mapping of X onto
@(X) C X™, which is subspace of X™**

— o called natural isomorphism of X into X ™"

— X said to be reflexive if p(X) = X

e thus, LP” with 1 < p < oo is reflexive, but L' and L are not

e note X may be isometric with X ™™ without reflexive
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Completeness of natural isomorphism

e for natural isomorphism, ¢

e X ™ is complete, hence Banach space
— because bounded linear functional to R (refer to page 382)

e thus, closure of (X ) in X™, (X)), complete (refer to page 306)

e therefore, every normed vector space (X ) is isometrically isomorphic to dense subset of
Banach spaces (X ™)
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Hahn-Banach theorem - complex version

e Bohnenblust and Sobczyk - for complex vector space, X, and linear functional,
p: X — R with

(Vz,y € X, a € C)(p(z + y) < p(z) + p(y) and p(az) = |a|p(z))
and for subspace of X, S, and (complex) linear functional, f : S — C, with
(Vs € S)(1f(s)] < p(s))

exists linear functional, F' : X — R, such that
(Vs € S)(F(s) = f(s))

and
(Vo € X)(|F(z)| < p(z))
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Open mapping on topological spaces

e mapping from topological space to another topological space the image of each open
set by which is open called open mapping

® hence, one-to-one continuous open mapping is homeomorphism

e (will show) continuous linear transformation of Banach space onto another Banach
space is always open mapping

e (will) use above to provide criteria for continuity of linear transformation
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Closed graph theorem (on Banach spaces)

e every continuous linear transformation of Banach space onto Banach space is open
mapping
— in particular, if the mapping is one-to-one, it is isomorphism

e for linear vector space, X, complete in two norms, || -||la and || - ||B, with
C € R such that (Vx € X)(||z||la < C||z||B), two norms are equivalent, i.e.,
(3C" € R)(Vz € X)(llzlls < C'[|z]|a)

e closed graph theorem - linear transformation, A, from Banach space, A, to Banach
space, B, with property that “if (x,) convergesin X to x € X and (Ax,) converges
inY toy € Y, then y = Ax" is continuous

— equivalent to say, if graph {(z, Az)|r € X} C X X Y is closed, A is continuous
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Principle of uniform boundedness (on Banach spaces)

e principle of uniform boundedness - for family of bounded linear operators, F from
Banach space, X, to normed space, Y, with

(Ve € X)(BM)(VT € F)(||Tx]| < M,)

then operators in F is uniformly bounded, i.e.,

BEM)(VT e F)([|T] < M)
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Topological vector spaces

e just as notion of metric spaces generalized to notion of topological spaces

e notion of normed linear space generalized to notion of topological vector spaces

e linear vector space, X, with topology, J, equipped with continuous addition,
+ : X X X — X and continuous multiplication by scalars, + : R X X — X, called
topological vector space
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Translation invariance of topological vector spaces

e for topological vector space, translation by z € X is homeomorphism (due to continuity
of addition)

— hence, £ + O of open set O is open

— every topology with this property said to be translation invariant
e for translation invariant topology, J, on X, and base, B, for J at O, set
{z + U|U € B}
forms a base for J at x
e hence, sufficient to give a base at O to determine translation invariance of topology

® base at 0 often called local base
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Sufficient and necessarily condition for topological vector spaces

e for topological vector space, X, can find base, B3, satisfying following properties

(YU, V € B)(3W € B)(W CcUNYV)

(VU € B,z € U3V € B)(z +V C U)

(YU € B)(3V € B)(V +V C U)

(VU € B,z € X)(3a € R)(z € aU)
(VU € B,0< |a|] £1 € R)(aU C U,aU C B)

e conversely, for collection, BB, of subsets containing O satisfying above properties, exists
topology for X making X topological vector space with B as base at O

— this topology is Hausdorff if and only if

(M{U € B} = {0}

e for normed linear space, can take B to be set of spheres centered at O, then B satisfies
above properties, hence can form topological vector space

Searching for Universal Truths - Real Analysis - Banach Spaces 394



Sunghee Yun August 4, 2025

Topological isomorphism

e in topological vector space, can compare neighborhoods at one point with neighborhoods
of another point by translation

e for mapping, f, from topological vector space, X, to topological vector space, Y, such
that

(W open O C Y with 0 € O)(dopen U C X with0 € U)
(Vz € X)(f(x+U) C f(x)+O)

said to be uniformly continuous

e linear transformation, f, is uniformly continuous if continuous at one point

1 called

e continuous one-to-one mapping, ¢, from X onto Y with continuous ¢~
(topological) isomorphism
— in abstract point of view, isomorphic spaces are same

e [ychonoff - finite-dimensional Hausdorff topological vector space is topologically

isomorphic to R™ for some n
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Weak topologies

e for vector space, X, and collection of linear functionals, F, weakest topology generated
by F, i.e., in way that each functional in JF is continuous in that topology, called weak
topology generated by F

— translation invariant
— base at O given by sets

{z e XIVf€G,[f(z)] <e}

for all finte G C F and € > 0
— basis satisfies properties on page 394, hence, (above) weak topology makes topological
vector space

e for normed vector space, X, and collection of continuous functionals, F, i.e., F C X7,
weak topology generated by F weaker than (fewer open sets) norm topology of X

e metric topology generated by norm called strong topology of X
e weak topology generated by X ™ called weak topology of X
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Strongly and weakly open and closed sets

e open and closed sets of strong topology called strongly open and strongly closed

e open and closed sets of weak topology called weakly open and weakly closed

e wealy closed set is strongly closed, but converse not true

e however, these coincides for linear manifold, i.e., linear manifold is weakly closed if and
only if strongly closed

e every strongly converent sequence (or net) is weakly convergent
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Weak™ topologies

e for normed space, weak topology of X ™ is weakest topology for which all functionals in
X ™ are continuous

e turns out that weak topology of X ™ is less useful than weak topology generated by X,
i.e., that generated by (X)) where ¢ is the natural embedding of X into X ™ (refer
to page 386)

e (above) weak topology generated by ¢ (X) called weak™ topology for X *

— even weaker than weak topology of X™
— thus, weak™ closed subset of is weakly closed, and weak convergence implies weak”
convergence

e base at 0 for weak™ topology given by sets

{fIVz € A, |f(x)] <€}

for all finte A C X and e > 0
e when X s reflexive, weak and weak™ topologies coincide
o Alaoglu - unit ball S* = {f € X*|||f]| = 1} is compact in weak™ topology
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Convex sets

for vector space, X and x,y € X
e+ (1= Nylr e 0,1} € X
called segmenet joining x and y

set K C X said to be convex or convex set if every segment joining any two points in
Kisin K, i.e., (Vz,y € K)(segment joining x,y C X)

every Az + (1 — A)y for 0 < A < 1 called interior point of segment

point in K C X where intersection with K of every line going through x contains
open interval about x, said to be internal point, 1i.e.,

(e > 0)(Vy € K, |A| < e)(xz+ yxr € K)

convex set examples - linear manifold & ball, ellipsoid in normed space
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Properties of convex sets

e for convex sets, K1 and K5, following are also convex sets

K1 M KQ, >\K1, Kl + KZ

e for linear operators from vector space, X, and vector space, Y,

— image of convex set (or linear manifold) in X is convex set (or linear manifold) in Y,
— inverse image of convex set (or linear manifold) in Y is convex set (or linear manifold)

in X

e closure of convex set in topological vector space is convex set
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Support functions of and separated convex sets

e for subset K of vector space X, p : K — R, with p(z) = inf A\|JA"'z € K, A > 0
called support functions

e for convex set K C X containing O as internal point
- (Vo € X, A > 0)(p(Az) = Ap(x))

- (Vz,y € X)(p(z +y) < p(z) + p(y))
- {r e X|p(x) <1} CK C{x € X|p(x) <1}

e two convex sets, K7 and K5 such that exists linear functional, f, and o € R with
(Ve € K1)(f(x) < a) and (Vx € K3)(f(x) > «), said to be separated

e for two disjoint convex sets in vector space with at least one of them having internal
point, exists nonzero linear functional that separates two sets
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Local convexity

e topological vector space with base for topology consisting of convest sets, said to be
locally convex

e for family of convex sets, N, in vector space, following conditions are sufficient for
being able to translate sets in A/ to form base for topology to make topological space
into locally convex topological vector space

(VN € N)(xz € N = x is internal)
(VN17N2 c N)(HN;), - N)(Ng C N1 N NQ)
(VN € N, € Rwith 0 < |a] < 1)(aN € N)

e conversely, for every locally convex topological vector space, exists base at O satisfying
above conditions

e follows that

— weak topology on vector space generated by linear functionals is locally convex
— normed vector space is locally convex topological vector space
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Facts regarding local convexity

e for locally convex topological vector space closed convex subset, F', with point, x, not
in F', exists continuous linear functional, f, such that

f(x) < ;ggf(y)

e corollaries

— convex set in locally convex topological vector space is strongly closed if and only if
weakly closed

— for distinct points, = and wy, in locally convex Hausdorff vector space, exists
continuous linear functional, f, such that f(x) # f(y)
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Extreme points and supporting sets of convex sets

® point in convex set in vector space that is not interior point of any line segment lying in
the set, called extreme point

e thus, x is extreme point of convex set, K, if and only if x = Ay + (1 — A\)z with
O< A< 1impliesy Korz¢& K

e closed and convex subset, S, of convex set, K, with property that for every interior
point of line segment in K belonging to S, entire line segment belongs to .S, called
supporting set of K

e for closed and convex set, K, set of points a continuous linear functional assumes
maximum on K, is supporting set of K
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Convex hull and convex convex hull

e for set F in vector space, intersection of all convex sets containing set, F, called convex
hull of E/, which is convex set

e for set F/ in vector space, intersection of all closed convex sets containing set, F/, called
closed convex hull of E/, which is closed convex set

e Krein-Milman theorem - compact convex set in locally convex topologically vector space
is closed convex hull of its extreme points
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Hilbert spaces

e Banach space, H, with function (-,-) : H X H — R satisfying following properties,
called Hilbert space

(Vx,y,z € H,a, B € R)({azx + By, z) = afz, z) + B(y, 2))
(Vz,y € H)({z,y) = (Y, 2))
(Vz € H)((z,z) = ||=||*)

e (x,y) called inner product for ¢,y € H
— examples - (x,y) = 2’y = > x;y; for R", (z,y) = [ z(t)y(t)dt for L?

e Schwarz or Cauchy-Schwarz or Cauchy-Buniakowsky-Schwarz inequality -

lzllllyll = (=, y)

— hence,
- linear functional defined by f(x) = (x, y) bounded by ||y]|
- (x,y) is continuous function from H X H to R
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Inner product in Hilbert spaces

e x and y in H with (x,y) = 0 said to be orthogonal denoted by

e set S of which any two elements orthogonal called orthogonal system

e orthogonal system called orthonormal if every element has unit norm

August 4, 2025

e any two elements are v/2 apart, hence if H separable, every orthonormal system in H

must be countable

e shall deal only with separable Hilbert spaces
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Fourier coefficients

e assume orthonormal system expressed as sequence, {,) - may be finite or infinite
o forc € H
an = (T, ¢n)
called Fourier coefficients
e forn € N, we have

2 —~
lzlI* > a;
i=1

n 2
r — Z a;@q;|| = <CB — Z a;Pi, T — Z CLz‘SDz'>
i=1

= (z,z) — 2 <5I3> Zai90i> + <Z a;Pi, Zaz‘%’>
= el =23 ai (w00 + > alligl® = el = Y af > 0

Searching for Universal Truths - Real Analysis - Banach Spaces 408



Sunghee Yun August 4, 2025

Fourier coefficients of limit of &

® Bessel's inequality - for x € H, its Fourier coefficients, {(a)
o0
2 2
> an < =]
n=1
n

® then, (z,) defined by following is Cauchy sequence z, = > _._; a;p;

e completeness (of Hilbert space) implies (z,,) converges - let y = lim z,,

0. @)
y = lim z, = Zaigoz-
i=1

e continuity of inner product implies (y, ,) = lim(z,, ¥,) = a,, i.e., Fourier
coefficients of y € H are a,, i.e.,

e y has same Fourier coefficients as x
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Complete orthonormal system

e orthonormal system, (¢,) . ,, of Hilbert spaces, H, is said to be complete if
(Ve e Hne N)({z,p,) =0)=2x2=0
e orthonormal system is complete if and only if maximal, i.e.,
(pn) is complete < ((3 orthonormal R C H)(Vn € N)(¢, € R) = R = (p,))

(proof can be found in Proof 19)

e Hausdorff maximal principle (Principle 4) implies existence of maximal orthonormal
system, hence following statement

e for separable Hilbert space, H, every orthonormal system is separable and exists a
complete orthonormal system. any such system, (¢, ), and x € H

Tr = Zangon

with a,, = {(x, ), and ||z|| = D a?
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Dimensions of Hilbert spaces

e every complete orthonormal system of separable Hilbert space has same number of
elements, i.e., has same cardinality

e hence, every complete orthonormal system has either finite or countably infinite
complete orthonormal system

e this number called dimension of separable Hilbert space

— for Hilbert space with countably infinite complete orthonormal system, we say,
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Isomorphism and isometry between Hilbert spaces

e isomorphism, ®, of Hilbert space onto another Hilbert space is linear mapping with
property, (Pz, ®y) = (z,y)

® hence, every isomorphism between Hilbert spaces is isometry

e every n-dimensional Hilbert space is isomorphic to R"
e every Ng-dimensional Hilbert space is isomorphic to 12, which again is isomorphic to L?

e L?[0,1] is separable and (cos(nmt)) is infinite orthogonal system

e every bounded linear functional, f, on Hilbert space, H, has unique y such that
(Vo € H)(f(z) = (z,y))

and || f| = [ly]l
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Purpose of integration theory

e purpose of “measure and integration” slides

— abstract (out) most important properties of Lebesgue measure and Lebesgue
integration

e provide certain axioms that Lebesgue measure satisfies

e base our integration theory on these axioms

e hence, our theory valid for every system satisfying the axioms
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Measurable space, measure, and measure space
e family of subsets containing () closed under countable union and completement, called
o-algebra
e mapping of sets to extended real numbers, called set function

o (X, ) with set, X, and o-algebra of X, %, called measurable space
— A € %, said to be measurable (with respect to A#)

e nonnegative set function, p, defined on £ satisfying () = 0 and for every disjoint,
(En)pey C &,
L (Un) = e,
called measure on measurable space, (X, #)

e measurable space, (X, %), equipped with measure, u, called measure space and
denoted by (X, %A, i)
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Measure space examples

o (R, M, ) with Lebesgue measurable sets, M, and Lebesgue measure, u

e ([0,1],{A € M|A C [0,1]}, i) with Lebesgue measurable sets, M, and Lebesgue
measure, [

e (R, A, ) with class of Borel sets, 4, and Lebesgue measure,
e (R, P(R), puc) with set of all subsets of R, P(R), and counting measure, uc

e interesting (and bizarre) example
- (X, A, up) with any uncountable set, X, family of either countable or complement
of countable set, A, and measure, g, such that ugA = 0 for countable A C X
and upB = 1 for uncountable B C X

Searching for Universal Truths - Real Analysis - Measure and Integration 416



Sunghee Yun August 4, 2025

More properties of measures

o for A, B &€ Bwith AC B
uA < uB

o for (F,) C # with uFE; < oo and E,, 11 C E,

" (ﬂ En) =lim uFE,

o for (F,) C A

p (U En) <> uE,
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Finite and o-finite measures

e measure, u, with pu(X) < oo, called finite
e measure, u, with X = | X, for some (X,) and pu(X,) < oo, called o-finite

— always can take (X,,) with disjoint X,

e Lebesgue measure on [0, 1] is finite

e Lebesgue measure on R is o-finite

e countering measure on uncountable set is not o-measure
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Sets of finite and o-finite measure

e set, £ € A, with uFE < o0, said to be of finite measure
e set that is countable union of measurable sets of finite measure, said to be of o-finite

measure

® measurable set contained in set of o-finite measure, is of o-finite measure

e countable union of sets of o-finite measure, is of o-finite measure

e when p is o-finite, every measurable set is of o-finite
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Semifinite measures

e roughly speacking, nearly all familiar properties of Lebesgue measure and Lebesgue
integration hold for arbitrary o-finite measure

e many treatment of abstract measure theory limit themselves to o-finite measures

e many parts of general theory, however, do not required assumption of o-finiteness

e undesirable to have development unnecessarily restrictive

e measure, i, for which every measurable set of infinite measure contains measurable sets
of arbitrarily large finite measure, said to be semifinite

e every o-finite measure is semifinite measure while measure, 1, on page 416 is not
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Complete measure spaces

e measure space, (X, %, 1), for which & contains all subsets of sets of measure zero,
said to be complete, i.e.,

(VB € B with uB=0)(AC B= A¢c %)

— e.g., Lebesgue measure is complete, but Lebesgue measure restricted to o-algebra of
Borel sets is not

® every measure space can be completed by addition of subsets of sets of measure zero

o for (X, %A, 1), can find complete measure space (X, %y, po) such that

— B C K
— FePBy< E=AUBwhere B,C e B, uC =0,ACC

— (X, Ao, po) called completion of (X, %, 1)
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Local measurability and saturatedness

o for (X, %, ), E C X for which (VB € # with uB < c0)(E N B € £), said to
be locally measurable

e collection, ¥, of all locally measurable sets is o-algebra containing %

e measure for which every locally measurable set is measurable, said to be saturated

e every o-finite measure is saturated

e measure can be extended to saturated measure, but (unlike completion) extension is
not unique

— can take ¥ as extension for locally measurable sets, but measure can be extended on
% in more than one ways
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Measurable functions

e concept and properties of measurable functions in abstract measurable space almost
identical with those of Lebesgue measurable functions (page 257)

e theorems and facts are essentially same as those of Lebesgue measurable functions

e assume measurable space, (X, #)

o for f: X — RU{—o00, 0}, following are equivalent
— (WVaeR){zx € X|f(x) < a} € B)
- (Va e R)({z € X|f(z) < a} € X)
— (WVa e R)({x € X|f(x) > a} € B)
- (Va e R)({z € X|f(z) > a} € )

e f: X — RU{—o00,0c0} for which any one of above four statements holds, called
measurable or measurable with respect to A

(refer to page 258 for Lebesgue counterpart)
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Properties of measurable functions

e Theorem 61. [measurability preserving function operations] for measurable functions,
f and g, and c € R
— f+eccf, f+g, fg, fV g are measurable

e Theorem 62. [limits of measurable functions] for every measurable function

sequence, (fn)
— sup fn, limsup f,, inf f,, liminf f,, are measurable
— thus, lim f,, is measurable if exists

(refer to page 259 for Lebesgue counterpart)
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Simple functions and other properties

e o called simple function if for distinct (c;);_, and measurable sets, (E;); _,

n

p(x) = Z ciXE;(T)

1=1

(refer to page 261 for Lebesgue counterpart)

e for nonnegative measurable function, f, exists nondecreasing sequence of simple
functions, (@), i-e., @n+1 > @y such that for every point in X

f =1mey,

— for f defined on o-finite measure space, we may choose (@,) so that every ¢,
vanishes outside set of finite measure

e for complete measure, 1, f measurable and f = g a.e. imply measurability of g
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Define measurable function by ordinate sets

{z|f(x) < o} sometimes called ordinate sets, which is nondecreasing in «

e below says when given nondecreasing ordinate sets, we can find f satisfying

{z|f(z) < a} C Ba C{z|f(z) < o}

e for nondecreasing function, h : D — %, for dense set of real numbers, D, 1.e.,
B, C Bg for all o < B where B, = h(a), exists unique measurable function,
f: X —>RU{—o00,00} such that f < aon Byand f > aon X ~ B,

® can relax some conditions and make it a.e. version as below

e for function, h : D — A, for dense set of real numbers, D, such that
nw(By ~ Bg) = 0 for all a < B where B, = h(«a), exists measurable function,
f: X - RU{—00,00} such that f < aa.e. on B, and f > awa.e. on X ~ B,

— if g has the same property, f = g a.e.
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Integration

e many definitions and proofs of Lebesgue integral depend only on properties of Lebesgue
measure which are also true for arbitrary measure in abstract measure space (page 264)

e integral of nonnegative simple function, @(x) = >, c;xg,(x), on measurable set,

E, defined by
/ pdp = > cip(E; N E)
E i=1

— independent of representation of ¢
(refer to page 265 for Lebesgue counterpart)

e for a,b € R, and nonnegative simple functions, ¢ and

/(aso+b¢)=a/so+b/¢

(refer to page 266 for Lebesgue counterpart)
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Integral of bounded functions

e for bounded function, f, identically zero outside measurable set of finite measure

sup = inf /
p: simple, @< f / ” ¢: simple, f< w

if and only if f = g a.e. for measurable function, g
(refer to page 267 for Lebesgue counterpart)

e but, f = g a.e. for measurable function, g, if and only if f is measurable with respect
to completion of w, [i

® natural class of functions to consider for integration theory are those measurable with
respect to completion of 1

e thus, shall either assume u is complete measure or define integral with respect to u
to be integral with respect to completion of i depending on context unless otherwise
specified
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Difficulty of general integral of nonnegative functions

e for Lebesgue integral of nonnegative functions (page 270)

— first define integral for bounded measurable functions
— define integral of nonnegative function, f as supremum of integrals of all bounded
measurable functions, h < f, vanishing outside measurable set of finite measure

e unfortunately, not work in case that measure is not semifinite
— e.g., if =10, X} with u = 0 and uX = oo, we want [ 1du = oo, but only
bounded measurable function vanishing outside measurable set of finite measure is
h = 0, hence, [ gdp =0

e to avoid this difficulty, we define integral of nonnegative measurable function directly in
terms of integrals of nonnegative simple functions
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Integral of nonnegative functions

e for measurable function, f : X — R U {oo}, on measure space, (X, %, u), define
integral of nonnegative extended real-valued measurable function

/ fdp = sup / pdp
p: simple function, 0<p<f

(refer to page 270 for Lebesgue counterpart)

however, definition of integral of nonnegative extended real-valued measurable function

can be awkward to apply because
— taking supremum over large collection of simple functions

— not clear from definition that [(f +g)= [ f+ [ g

thus, first establish some convergence theorems, and determine value of f f as limit of
| ¢ for increasing sequence, (,,), of simple functions converging to f
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Fatou’s lemma and monotone convergence theorem

e [atou's lemma - for nonnegative measurable function sequence, {f,), with lim f,, = f

a.e. on measurable set, F/
/fgliminf/fn
E E

e monotone convergence theorem - for nonnegative measurable function sequence, (f,),
with f,, < f for all n and with lim f,, = f a.e.

/Ef=lim[Efn

(refer to page 271 for Lebesgue counterpart)
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Integrability of nonnegative functions

e for nonnegative measurable functions, f and g, and a,b € R

/(af—l—bg):a/f—l—b/g&/fZO

— equality holds if and only if f = 0 a.e.
(refer to page 268 for Lebesgue counterpart)
e monotone convergence theorem together with above yields, for nonnegative measurable

function sequence, (fy,)
[ses s

e measurable nonnegative function, f, with

/Efd,u<oo

said to be integral (over measurable set, E, with respect to )
(refer to page 272 for Lebesgue counterpart)
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Integral

e arbitrary function, f, for which both f* and f~ are integrable, said to be integrable

e in this case, define integral

[r=[1r—]1

(refer to page 273 for Lebesgue counterpart)
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Properties of integral

e for f and g integrable on measure set, E/, and a,b € R

— af + bg is integral and

[@r+boy=a [ s+b [

— if |h| < |f| and h is measurable, then h is integrable

[=]a

(refer to page 274 for Lebesgue counterpart)

—if f > ga.e.
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Lebesgue convergence theorem

® |ebesgue convergence theorem - for integral, g, over E and sequence of measurable
functions, (f,), with lim f,,(z) = f(x) a.e. on E, if

/Ef=1im/Efn

then

(refer to page 275 for Lebesgue counterpart)
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Setwise convergence of sequence of measures

e preceding convergence theorems assume fixed measure,

e can generalize by allowing measure to vary

e given measurable space, (X, %), sequence of set functions, {(u,), defined on £,
satisfying
(VE € B)(lim u, E = puFE)

for some set function, u, defined on 4, said to converge setwise to u
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General convergence theorems

e generalization of Fatou's leamma - for measurable space, (X, %), sequence of
measures, (i), defined on %, converging setwise to u, defined on %, and sequence
of nonnegative functions, (f,), each measurable with respect to pu,, converging
pointwise to function, f, measurable with respect to p (compare with Fatou's lemma
on page 431)

/fd,u < lim inf/fnd,un

e generalization of Lebesgue convergence theorem - for measurable space, (X, %),
sequence of measures, (i), defined on %, converging setwise to p, defined on A, and
sequences of functions, (f,) and {g,), each of f, and g,, measurable with respect to
[n, converging pointwise to f and g, measurable with respect to u, respectively, such
that (compare with Lebesgue convergence theorem on page 435)

lim/gnd,un = /gd,u < 00
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Signed measures

e XXX Royden p270
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Radon-Nikodym theorem

e XXX Royden p276
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LP? spaces

e for complete measure space, (X, %, 1)
— space of measurable functions on X with with [ |f|? < oo, for which element
equivalence is defined by being equal a.e., called L” spaces denoted by
— space of bounded measure functions, called L space denoted by

® norms
— forp € [1, 00)
1/p
171, = ([ 1117
— for p = o0

| fllcoc = ess sup|f| = inf {|g(x)|| measurable g with g = f a.e.}

e for p € [1, 00], spaces, L”(u), are Banach spaces
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Holder’s inequality and Littlewood’s second principle

e Holder's inequality - for p,q € [1,00] with 1/p+1/q = 1, f € L?(n) and
g € LY(u) satisfy fg € L'(u) and

£l Z/Ifg\du < 1£llgll,

(refer to page 286 for normed spaces counterpart)

e complete measure space version of Littlewood’s second principle - for p € [1, 00)

(Vf € L (), e > 0)

(3 simple function ¢ vanishing outside set of finite measure)

(I[f =l <€)

(refer to page 289 for normed spaces counterpart)
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Riesz representation theorem

® Riesz representation theorem - for p € [1,00) and bounded linear functional, F', on
L?(u) and o-finite measure, pu, exists unique g € LY(u) where 1/p 4+ 1/q = 1 such

that

F(f) = /fgdu
where || F'|| = ||g]l4

(refer to page 291 for normed spaces counterpart)

o if p € (1,00), Riesz representation theorem holds without assumption of o-finiteness

of measure
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General measures

e consider some ways of defining measures on o-algebra

e recall that for Lebesgue measure

— define measure for open intervals
— define outer measure

— define notion of measurable sets
— finally derive Lebesgue measure

e one can do similar things in general, e.g.,

— derive measure from outer measure
— derive outer measure from measure defined on algebra of sets
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Outer measure

e set function, u* : P(X) — [0, oo], for space X, having following properties, called
outer measure
- uP=0
— AC B = p"A < u" B (monotonicity)
- ECcU L, E,= u'E <> 7, uE, (countable subadditivity)

o 1" with "X < oo called finite

e set £ C X satisfying following property, said to be measurable with respect to p*
(VA C X)(u"(A) = " (AN E) + p" (AN E))

e class, %, of u*-measurable sets is o-algebra

e restriction of u* to A is complete measure on %4
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Extension to measure from measure on an algebra

e set function, p : &/ — [0, oco], defined on algebra, 7, having following properties,
called measure on an algebra

- p@) =0
— (V disjoint (A, C &« with |JA, € &) (n (U An) =D nA,)

® measure on an algebra, </, is measure if and only if < is o-algebra

e can extend measure on an algebra to measure defined on o-algebra, 4, containing &7,
by
— constructing outer measure p* from u
— deriving desired extension [ induced by p*

— process by which constructing p* from p similar to constructing Lebesgue outer
measure from lengths of intervals
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Outer measure constructed from measure on an algebra

— given measure, i, on an algebra, &7

e define set function, u* : P(X) — [0, oo], by

‘E = inf Ay
" (An>C»<Z;,nECU An Z H

o . called outer measure induced by

— then

o for A € o/ and (A,) C & with A C |JA,, uA <> uA,
e hence, (VA € &) (WA = pA)

e . is outer measure

e every A € &/ is measurable with respect to u*
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Regular outer measure

e for algebra, o/

— @/, denote sets that are countable unions of sets of .&/
— .5 denote sets that are countable intersections of sets of .27,

e given measure, L, on an algebra, .« and outer measure, p* induced by u, for every
E C X andevery e > 0, exists A € @/, and B € o/, with E C Aand £E C B

wWA< pu'E+eand t'E = p'B

e outer measure, u”*, with below property, said to be regular

(VE C X, e > 0)(3 pu*-measurable set A with E C A)(u"A C u'E + ¢)

e every outer measure induced by measure on an algebra is regular outer measure
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Carathéodory theorem

— given measure, 1, on an algebra, & and outer measure, ©* induced by u

e F C X is u*-measurable if and only if exist A € 4,5 and B C X with u*B = 0

such that
EFE=A~RB

— for B C X with "B = 0, exists C' € 7,5 with u*C = 0 such that B C C

e Carathéodory theorem - restriction, &, of u* to u*-measurable sets if extension of
y i, of 1 to p 0

to o-algebra containing &/

— if w is finite or o-finite, so is & respectively
— if u is o-finite, [ is only measure on smallest o-algebra containing &/ which is

extension of u
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XXX: more on extension theorem
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Product measures

e for countable disjoint collection of measurable rectangles, ((A, X B,)), whose union
is measurable rectangle, A X B

AMA X B) =) MA, x By)

e forxr € X and F € 5
Ey ={yl{z,y) € E}
is measurable subset of Y
o for E C %5 with u X v(FE) < oo, function, g, defined by

g(x) =vE,

Is measurable function of x and
/ gdp = p X v(E)

o XXX
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Integral operators

o XXX
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Carathéodory outer measures

e set, X, of points and set, I', of real-valued functions on X
e two sets for which exist a > b such that function, ¢, greater than a on one set and

less than b on the other set, said to be separated by function,

e outer measure, u*, with (VA, B C X separated by f € I")(u"(AU B) = A +
" B), called Carathéodory outer measure with respect to I'

e outer measure, u*, on metric space, (X, p), for which p* (AU B) = " A 4+ u" B for
A, B C X with p(A, B) > 0, called Carathéodory outer measure for X or metric
outer measure

e for Carathéodory outer measure, pu*, with respect to I', every function in I' is
(1 -measurable

e for Carathéodory outer measure, u™, for metric space, (X, p, ), every closed set (hence
every Borel set) is measurable with respect to p*
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Hausdorff measure
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Measurable functions

— denote n-dimensional Borel sets by %"

e for two measurable spaces, (€2,.%) and (', .#'), function, f : Q — Q' with
(VA" € 7") (f‘l(A’) - 9)
said to be measurable with respect to % /.F' (thus, measurable functions defined on

page 258 and page 423 can be said to be measurable with respect to B /%)

e when 2 = R" in (2, %), F is assumed to be #", and sometimes drop Z"
— thus, e.g., we say f : Q@ — R" is measurable with respect to .# (instead of % /Z%")

e measurable function, f : R — R" (i.e., measurable with respect to Z"/%™), called
Borel functions

o f:Q — R" is measurable with respect to .% /%" if and only if every component,
fi : Q@ — R, is measurable with respect to .¥ /%
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Probability (measure) spaces

e set function, P : .% — [0, 1], defined on algebra, ., of set 2, satisfying following
properties, called probability measure (refer to page 415 for resumblance with measurable
spaces)

- (VA € Z)(0 < P(A) < 1)
- P(®)=0, P(©2) =1
= (Vdisjoint (A,) C F)(P (U An) = 2. P(An))

e for o-algebra, &, (2, #, P), called probability measure space or probability space

e set A € . with P(A) = 1, called a support of P
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Dynkin’s -\ theorem

e class, P, of subsets of €2 closed under finite intersection, called 7-system, 1i.e.,
- VA, BeP)(ANB € P)

e class, L, of subsets of {2 containing {2 closed under complements and countable disjoint
unions called \-system

-Qel 3
- VA e L)(Ae L)
— (M disjoint (A,))(lJ An € L)
® class that is both w-system and \-system is o-algebra

o Dynkin's w-\ theorem - for mw-system, P, and A-system, L, with P C L,

o(P)C L

e for mw-system, &, two probability measures, P; and P, on o(%?), agreeing &, agree
on o(<)
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Limits of Events

Theorem 63. [convergence-of-events] no for sequence of subsets, (A,),

P(liminf A,) < liminf P(A,) < limsup P(A,) < P(limsup A,)

- for (A,,) converging to A
lim P(A,) = P(A)

Theorem 64. [independence-of-smallest-sig-alg] no for sequence of m-systems, {.<7,,),
(o(9,)) is independent
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Probabilistic independence

— given probability space, (€2, %, P)
e A B € .% with

P(AN B) = P(A)P(B)

said to be independent

e indexed collection, (A)), with

(\V/’I’L € N, distinct A,..., A\, € A) <P (ﬁ A>‘z> = ﬁP(A)\z))

1=1

said to be independent
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Independence of classes of events

e indexed collection, (Ay), of classes of events (i.e., subsets) with
(VA € A)) ((A)) are independent)

said to be independent

e for independent indexed collection, (Ay), with every A, being mw-sytem, (o (.Ay)) are
independent

e for independent (countable) collection of events, ((An;)io;) _,, (Fn),o, with
Fn = 0((Ani);o,) are independent
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Borel-Cantelli lemmas

e Lemma 19. [first Borel-Cantelli] for sequence of events, (A,), with > P(A,)
converging
P(limsup A,) =0

e Lemma 20. [second Borel-Cantelli] for independent sequence of events, (A,,), with
> P(A,) diverging
P(limsup A,) =1
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Tail events and Kolmogorov's zero-one law

e for sequence of events, (A,,)

7 =)o (A)Z,)

called tail o-algebra associated with (A, ); its lements are called tail events

e Kolmogorov's zero-one law - for independent sequence of events, (A,) every event in
tail o-algebra has probability measure either O or 1
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Product probability spaces

e for two measure spaces, (X, 2", u) and (Y, %, v), want to find product measure, 7,
such that
(VAe Z,Be ) (n(Ax B)=u(Av(B))

— e.g., if both p and v are Lebesgue measure on R, 7 will be Lebesgue measure on R?

o AX BforAe %2 and B € % is measurable rectangle

® o-algebra generated by measurable rectangles denoted by
X XY

— thus, not Cartesian product in usual sense
— generally much larger than class of measurable rectangles
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Sections of measurable subsets and functions

for two measure spaces, (X, 2", ) and (Y, %, v)

® sections of measurable subsets

— {y € Y|(z,y) € E} is section of I determined by x
— {x € X|(x,y) € E} is section of E determined by vy

e sections of measurable functions - for measurable function, f, with respect to 2~ X %

— f(x,-) is section of f determined by x
— f(-,y) is section of f determined by y

® sections of measurable subsets are measurable
- Vee X, E€eZ XY){yeY|(x,y) € E} € %)
- VMyeVY, EeZ x¥%){zx e X|(z,y) e E} € Z)

® sections of measurable functions are measurable

— f(x,-) is measurable with respect to % for every x € X
— f(-,vy) is measurable with respect to 2" for every y € Y
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Product measure

for two o-finite measure spaces, (X, 2", 1) and (Y, %, v)

e two functions defined below for every EF € 2 X % are o-finite measures

- 7'(E) = [yv{y € Y|(z,y) € E}du
- 7(E) = [, p{z € X|(z,y) € E}dv

e for every measurable rectangle, A X B, with A € Z and B € &
7 (A X B) =7"(A x B) = u(A)v(B)
(use conventions in page 29 for extended real values)
e indeed, 7'(E) = 7" (E) forevery E € 2 X ¥ letm =7’ = 7"
® T IS
— called product measure and denoted by

— o-finite measure
— only measure such that (A X B) = u(A)v(B) for every measurable rectangle
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Fubini’s theorem

® suppose two o-finite measure spaces, (X, 2", i) and (Y, %, v) - define
- Xo={z € X|fy|f(a:,y)|d1/ < oo} CX
- Yo={y eY| [x|f(z,y)ldv < o0} CY

e [ubini's theorem - for nonnegative measurable function, f, following are measurable
with respect to 2" and % respectively

g(x) = /Y F(zy)dv, hy) = /X F (@, y)dp

and following holds

[ t@uan= [ ([ s@par)an= [ ([ s@n)a

— for f, (not necessarily nonnegative) integrable function with respect to 7
- (X ~Xo)=0,v(Y ~Yy) =0
— g and h are finite measurable on Xy and Y| respectively
— (above) equalities of double integral holds
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Random variables

— for probability space, (2, %, P),
e measurable function (with respect to .# /%), X : Q — R, called random variable

e measurable function (with respect to .% /Z™), X : 2 — R", called random vector

— when expressing X (w) = (X1(w), ..., Xn(w)), X is measurable if and only if
every X, is measurable
— thus, n-dimensional random vaector is simply n-tuple of random variables

e smallest o-algebra with respect to which X is measurable, called o-algebra generated
by X and denoted by

— o0(X) consists exactly of sets, {w € Q| X (w) € H}, for H € %"

— random variable, Y, is measurable with respect to o(X) if and only if exists
measurable function, f : R" — R such that Y(w) = f(X(w)) for all w, i.e.,
Y =foX
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Probability distributions for random variables
e probability measure on R, u = PX !, i.e.,
p(A)=P(X € A)for Ae Z%
called distribution or law of random variable, X
e function, F' : R — [0, 1], defined by
F(z) = p(=o00,z] = P(X < x)
called distribution function or cumulative distribution function (CDF) of X

e Borel set, S, with P(S) = 1, called support

e random variable, its distribution, its distribution function, said to be discrete when has
countable support

Searching for Universal Truths - Measure-theoretic Treatment of Probabilities - Random Variables 472



Sunghee Yun August 4, 2025

Probability distribution of mappings of random variables

e for measurable g : R — R,

(VA € %) (Prob (9(X) € A) = Prob (X c g_l(A)> - ,u(g_l(A)))

hence, g(X) has distribution of pug™"
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Probability density for random variables

e Borel function, f : R — R, satisfying

(VA € %) <M(A) — P(X € A) = /Af(x)da:>

called density or probability density function (PDF) of random variable

e above is equivalent to
(Va < b €R) (/bf(x)d:c = Pla< X <b)=F(b) — F(a)>

(refer to statement on page 460)
— note, though, F' does not need to differentiate to f everywhere; only f required to

integrate properly
— if F' does differentiate to f and f is continuous, fundamental theorem of calculus

implies f indeed is density for F
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Probability distribution for random vectors

e (similarly to random variables) probability measure on R”, i = PX %, i.e.,
w(A) = P(X € A) for A € B
called distribution or law of random vector, X
e function, F' : R® — [0, 1], defined by
F(x) = pSy; = P(X X z)

where
Sz ={w € Q|X(w) Jz} = {w € Q| Xi(w) < z;}

called distribution function or cumulative distribution function (CDF) of X

e (similarly to random variables) random vector, its distribution, its distribution function,
said to be discrete when has countable support
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Marginal distribution for random vectors

(similarly to random variables) for measurable g : R — R™

(VA € Z™) (Prob (9(X) € A) = Prob (X c g_l(A)) - ,u(g_l(A))>

hence, g(X) has distribution of pg™*

for g; : R — R with g;(z) = «;
(VA € #Z) (Prob (g(X) € A) = Prob (X; € A))

measure, p;, defined by p;(A) = Prob (X; € A), called (i-th) marginal distribution
of X

for 1 having density function, f : R" — R,, density function of marginal distribution
is

@y = [ e

where x _; = (x1,...,%i—1, Ti+1, ..., Ty) and similarly for dp_;
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Independence of random variables

e random variables, X, . . . , X,,, with independent o-algebras generated by them, said
to be independent

(refer to page 463 for independence of collections of subsets)
— because 0(X;) = X, (%) = {X; '(H)|H € %}, independent if and only if

(VHy,...,H, € %) (P(XlEH1,---,Xn€Hn):HP(XiEHi))

1.€.,

(VH., ..., H, € %) (P (ﬂ Xfl(Hi)) =11°F (Xz‘_l(Hi)»
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Equivalent statements of independence of random variables

e for random variables, Xi, ..., X,, having u and F : R" — [0, 1] as their
distribution and CDF, with each X; having u; and F; : R — [0, 1] as its distribution
and CDF, following statements are equivalent

— X1,...,X, are independent
- (VYHy,...,H,€e2) (P(NX,'(H)) =TI P (X;"(Hy)))

- (VHy,...,H, € #Z) (P(X, € Hy,...,X, € H,)) =[] P(X; € Hy))
- (Vz €R") (P(X1<z1,...,X, <z,) =[] P(X; <))

- (Vz € R") (F(z) =[] Fi(z))

- 0= p1 X X Uy

- (Vo € RY) (f(z) =[] fi(=i))
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Independence of random variables with separate o-algebra

— given probability space, (€2, %, P)
e random variables, X+, . . . , X,,, each of which is measurable with respect to each of
n independent o-algebras, % C %, . . . , %, C % respectively, are independent
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Independence of random vectors

e for random vectors, X; : © — R4, ... X, : Q — R, having p and
F :RM x ... x R — [0, 1] as their distribution and CDF, with each X having u;
and F; : R% — [0, 1] as its distribution and CDF, following statements are equivalent

- X4,...,X, are independent
- (VHie2™,...,H, e 2™) (P(NX;'(H)) =T1P (X;'(H)))
— (\V/Hl E%dl,...,Hn E%dn) (P(X1 -~ Hl,...,Xn - Hn) :HP(Xl - Hz))

= (Yo €RN, L my € R (P(X1 S 21,y Xo 2 ) = [TP(X: = )

Ve, € R1, ...z, € Rd”) (F(z1,...,2n) =[] Fi(x;))

Vay € RY, L w0 € R™) (f(orse o 20) = TT£i(:)
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Independence of infinite collection of random vectors

e infinite collection of random vectors for which every finite subcollection is independent,
said to be independent

e for independent (countable) collection of random vectors, ({(Xni)ic;) o1 (Fn)oey
with %, = o((Xni);=,) are independent
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Probability evaluation for two independent random vectors

Theorem 65. [Probability evaluation for two independent random vectors] for independent
random vectors, X and Y, with distributions, p and v, in R™ and R™" respectively

(VB c %”*m) (Prob ((X,Y) € B) = /R" Prob ((z,Y) € B) d,uX)
and

(VA c %" B¢ %”+m)

(Prob (X e A, (X,Y) € B) :/

Prob ((z,Y) € B) d,uX>
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Sequence of random variables

Theorem 66. [squence of random variables] for sequence of probability measures on
KX, {pn), exists probability space, (X,€2, P), and sequence of independent random
variables in R, (X,), such that each X,, has ., as distribution
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Expected values

Definition 131. [expected values] for random variable, X, on (2, %, P), integral of
X with respect to measure, P

EX:/XdP:/QX(w)dP

called expected value of X

o E X is
— always defined for nonnegative X
— for general case
- defined, or
- X has an expected value if either E X' < 0o or E X~ < oo or both, in which
case, EX =EXT —E X~
e X is integrable if and only if E|X| < oo
e limits
— if (X,,) is dominated by integral random variable or they are uniformly integrable,
E X,, converges to E X if X,, converges to X in probability
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Markov and Chebyshev’s inequalities
Inequality 8. [Markov inequality] for random variable, X, on (2, %, P),

1 1
Prob (X > a) < — XdP < —EX
(@8 X>a 8

for nonnegative X, hence

an

1 mn 1 mn
Prob(|X| > o)< — [ |X|"dP < —E|X]
X |>a a’

for general X

Inequality 9. [Chebyshev’s inequality] as special case of Markov inequality,

1 5 1
Prob(|X—EX|2a)§—2/ (X —EX) dPg—zVarX
a” JIX-EX|>a 8

for general X
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Jensen’s, Holder’s, and Lyapunov’s inequalities

Inequality 10. [Jensen’s inequality] for random variable, X, on (2, .%,P), and
convex function,

1 1
¢ (EX)Prob (X > a) < = XdP < “EX
(8 X>a (87

Inequality 11. [Holder’s inequality] for two random variables, X and Y, on
(Q,#,P),andp,q € (1,00) withl/p+1/q =1

E|XY| < (EIX])(EB|X])"
Inequality 12. [Lyapunov’s inequality] for random variable, X, on (2, %, P), and
O<a<p y
1
1/«
(E|1X|)" < (B]X|%)

e note Holder's inequality implies Lyapunov's inequality
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Maximal inequalities

Theorem 67. [Kolmogorov's zero-one law] if A € % = (_, 0(Xn, Xnt1,--.)
for independent (X,,),
Prob (A) =0V Prob(A) =1

— define S,, = > X

Inequality 13. [Kolmogorov’s maximal inequality] for independent (X;); , with
EX,=0andVar X; < coanda >0

1
Prob (max S; > a) < —Var S,
!

Inequality 14. [Etemadi’s maximal inequality] for independent (X;)? | and a > 0

Prob (max |S;| > 3a) < 3max Prob (|S;| > «)
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Moments

Definition 132. [moments and absolute moments] for random variable, X, on
(Q, 7, P), integral of X with respect to measure, P

EX" = /xkd,u: /xde(:c)

called k-th moment of X or u or F', and

E|X|“=/|x|kdu=/|w|de<x>

called k-th absolute moment of X or u or F'

o ifE|X|" < 0o, E|X|" < oo for k < n

e E X" defined only when E | X |" < oo
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Moment generating functions

Definition 133. [moment generating function] for random variable, X, on
(Q, #,P), M : C — C defined by

M(s) = B () = /e”du — /e“dF(x)

called moment generating function of X

e n-th derivative of M with respect to s is M (s) = %F(s) = E (X"e*) =
[ ze*tdp
e thus, n-th derivative of M with respect to s at s = 0 is n-th moment of X

M™ () =E X"

e for independent random variables, (X;); |, moment generating function of > X;
[ [ a5s)
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Characteristic functions of random variables
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Convergences of random variables

Definition 134. [convergence with probability 1] random variables, {X,,), with
Prob (lim X,, = X) = P{w € Q|lim X, (w) = X(w)}) =1
said to converge to X with probability 1 and denoted by

Definition 135. [convergence in probability] random variables, (X,), with
(Ve > 0) (lim Prob (| X,, — X| > ¢€) = 0)
said to converge to X in probability

Definition 136. [weak convergence] distribution functions, (F},), with
(Vx in domain of F') (lim F,(x) = F'(x))
said to converge weakly to distribution function, F', and denoted by
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Definition 137. [converge in distribution] When F,, = F, associated random
variables, (X,), said to converge in distribution to X, associated with F', and denoted

by

Definition 138. [weak convergence of measures] for measures on (R, %), (un),
associated with distribution functions, (F)), respectively, and measure on (R, %), w,
associated with distribution function, F', we denote

Hn = [

if
(VA = (—o0, z] with x € R) (lim p,,(A) = p(A))

e indeed, if above equation holds for A = (—o0, x), it holds for many other subsets
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Relations of different types of convergences of random variables

Proposition 33. [relations of convergence of random variables] convergence  with
probability 1 implies convergence in probability, which implies X,, = X, i.e.

X, — X as., i.e., X, converge to X with probability 1
= X, converge to X in probability

= X, = X, i.e., X,, converge to X in distribution,
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Necessary and sufficient conditions for convergence of probability
X,, converge in probability
if and only if
(Ve > 0) (Prob (| X,, — X| > €i.0) = Prob (limsup | X,, — X| > €) = 0)

if and only if

(V subsequence <X”k>)

(EI its subsequence <X > converging to f with probability 1)

nk.l
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Necessary and sufficient conditions for convergence in distribution

X, = X, i.e., X, converge in distribution

if and only if

F,, = F\i.e., F, converge weakly

if and only if

(VA = (—o0, z] with x € R) (lim pp,(A) = p(A))

if and only if

(Vz with Prob (X = z) = 0) (lim Prob (X,, < z) = Prob (X < x))
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Strong law of large numbers
— define S, = > | X

Theorem 68. [strong law of large numbers] for sequence of independent and
identically distributed (i.i.d.) random variables with finite mean, (X))

1
n
with probability 1
e strong law of large numbers also called Kolmogorov's law

Corollary 27. [strong law of large numbers] for sequence of independent and
identically distributed (i.i.d.) random variables with E X; < oo and EX;" = oo

(hence, EX = c0)
1
—S,, — o©
n

with probability 1
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Weak law of large numbers
— define S, = > | X

Theorem 69. [weak law of large numbers] for sequence of independent and identically
distributed (i.i.d.) random variables with finite mean, {X,)

1
n
in probability

® because convergence with probability 1 implies convergence in probability
(Proposition 33), strong law of large numbers implies weak law of large numbers
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Normal distributions
— assume probability space, (2, %, P)

Definition 139. [normal distributions] Random variable, X : Q2 — R, with

1 2
Ac A Prob (X € A :—/e_(x_c) /2d )
( )( xem=—— | y

where . = PX ™! for some o > 0 and ¢ € R, called normal distribution and denoted by

— note EX = c and Var X = ¢?

— called standard normal distribution when ¢ = 0 and o = 1
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Multivariate normal distributions
— assume probability space, (2, %, P)

Definition 140. [multivariate normal distributions] Random variable, X : 2 — R",
with

1 Tw—1
Aec ) | Prob (X € A) = /e_(x_c) 2 (@a)/2g
( )( ( )= Jarvaes Ja :

where p = PX ™! for some ¥ >~ 0 € S, and c € R", called (n-dimensional) normal
distribution, and denoted by

— note that E X = ¢ and covariance matrix is X
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Lindeberg-Lévy theorem
— define S,, = >." X

Theorem 70. [Lindeberg-Levy theorem] for independent random variables, (X,),
having same distribution with expected value, ¢, and same variance, o < o0,
(Sn — nc)/o+/n converges to standard normal distribution in distribution, i.e.,

S, — nc
ov/n

where NN is standard normal distribution

= N

— Theorem 70 implies
Sn/m = c
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Limit theorems in R"

Theorem 71. [equivalent statements to weak convergence] each of following statements
are equivalent to weak convergence of measures, (u,), to p, on measurable space,

(R*, 2"

lim [ fdwu, = [ fdu for every bounded continuous f
lim sup p,(C) < p(C) for every closed C
lim inf p,(G) > w(G) for every open G

lim p, (A) = p(A) for every p-continuity A
Theorem 72. [convergence in distribution of random vector] for random vectors,

(X.,), and random vector, Y, of k-dimension, X, = Y, i.e., X, converge to Y
in distribution if and only if

VzeR¥) (27X, = 2'Y
(v= e ®) ( )
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Central limit theorem

— assume probability space, (€2,.%, P) and define >." X; = S,

Theorem 73. [central limit theorem] for random variables, (X,), having same
distributions with E X,, = ¢ € R" and positive definite covariance matrix, ¥ > 0 € S,
i.e., B(X,, —c)(X,—c)! =X, where Z;; < oo (hence ™ < MT,, forsome M € R,
due to Cauchy-Schwarz inequality),

(S, — nc)/+/n converges in distribution to' Y

where Y ~ N (0, %)

(proof can be found in Proof 20)
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Convergence of random series

e for independent (X,,), probability of > X,, converging is either O or 1

e below characterize two cases in terms of distributions of individual X,

Theorem 74. [convergence with probability 1 for random series] for independent
(X,) with E X,, = 0 and Var X,, < oo

Z X, converges with probability 1

Theorem 75. [convergence conditions for random series] for independent (X,),
> X, converges with probability 1 if and only if they converges in probability

e define trucated version of X, by X© e Xnd\xp<c

n Y

Theorem 76. [convergence conditions for truncated random series] for independent
(X)), S X, converge with probability 1 if all of > Prob (| X,| > ¢), 3. E(X),
and 3" Var (X9 converge for some ¢ > 0
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Fundamental theorems for weak convergence
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Helly’s theorem for weak convergence
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Integration to limit for weak convergence
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Poisson process: XXX
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Eegodic random processes: XXX
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Brownian motion
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Martingales
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Lines and line segmenets

Definition 141. [lines] for some x,y € R"
{0z + (1 — 0)y|0 € R}

called line going through = and y

Definition 142. [line segmenets] for some x,y € R"”
{0z + (1 —-0)y|l0 <0 <1€R}

called line segment connecting x and y
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Affine sets

Definition 143. [affine sets] set, C C R", every line going through any two points in
which is contained in C, i.e.

(Vx,y € C) ({0x+ (1 — 0)y|60 € R} C C)

called affine set

Definition 144. [affine hulls] for set, C C R", intersection of all affine sets containing
C, called affine hull of C', denoted by , Which is equal to set of all affine combinations
of points in C, 1.e.

U {61z + -+ Onzplzy, .. 20 € C 01+ -+ + 6, = 1}
nEN

Definition 145. [affine dimension] for C' C R", dimension of aff C, called affine
dimension
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Relative interiors and boundaries

Definition 146. [relative interiors of sets] for C' C R”,

U OnNaffC
O:open,ONaff CCC

or equivalently
{z[(Je > 0)(Vy € aff C, ||y — z|| < €)(y € O)}

is called relative interior of C' or interior relative to C', denoted by

Definition 147. [relative boundaries of sets] for C C R", C ~ relint C, called
relative boundary of C
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Convex sets

Definition 148. [convex sets] set, C C R", every line segment connecting any two
points in which is contained in C, i.e.

(Ve,y e C)(V0O<O0<1)Ox+ (1 —0)y e C)

called convex set

Definition 149. [convex hulls] for set, C C R", intersection of all convex sets
containing C, called convex hull of C, denoted by , which is equal to set
of all convex combinations of points in C, i.e.

U {61z1+ -+ Onzplzy, . 2n €C 01+ -+ 60, =1,01,...,0, >0}
nGN

e convex hull (of course) is convex set
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Cones

Definition 150. [cones] set, C C R", for which

(Vz € C,0 > 0) (0z € O)

called cone or nonnegative homogeneous

Definition 151. [convex cone] set, C' C R", which is both convex and cone, called
convex cone; C' is convex cone if and only if

(Vz,y € C,0,£ > 0) 0z + €y € C)

e convex cone (of course) is convex set

e examples of convex cones: R, R}, S™', and S |
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Hyperplanes and half spaces

Definition 152. [hyperplanes] n — 1 dimensional affine set in R", called hyperplane;
every hyperplane can be expressed as

{z € R"|a" = b}

for somea # 0 € R" and b € R

Definition 153. [half spaces] one of two sets divided by hyperplane, called half space;
every half space can be expressed as

{z € R"[a" < b}
for some a # 0 € R" and b € R

e hyperplanes and half spaces are convex sets
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Euclidean balls and ellipsoids

Definition 154. [Euclidean ball] set of all points distance of which from point, z € R",
is no greater than r > 0, called (Euclidean) ball centered at x with radius, r, denoted by
, 1.€e.
B(z,r) ={y € R"[|ly — z[l2 < r}

Definition 155. [ellipsoids] ball elongated along n orthogonal axes, called ellipsoid, i.e.,
{yveR"(y—=)' P '(y—=z) <1}
for some x € R" and P € S} |

e Euclidean balls and ellipsoids are convex sets
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Norm balls and norm cones

Definition 156. [norm ball] for norm, || - || : R® — R, set of all points distance of
which measured in the norm from point, x € R", is no greater than » > 0, called norm
ball centered at x with radius, r, associated with norm, || -

, 1.€e.

{y eRYlly — x| < r}

Definition 157. [norm cone] for norm, || - || : R — Ry, x € R", and r > O,
{(z,y) eR" xR|||lz|| < r} CR™

called cone associated with norm, || - ||

Definition 158. [second-order cone] norm cone associated with Euclidean norm, called
second-order cone

e norm balls and norm cones are convex sets
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Polyhedra

Definition 159. [polyhedra] intersection of finite number of hyperplanes and half spaces,
called polyhedron; every polyhedron can be expressed as

{z € R"|Ax < b,Cx = d}
for A e R™" be R™ C € RP*" d € RP

e polyhedron is convex set (by Proposition 34)
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Convexity preserving set operations

Proposition 34. [convexity preserving set operations]

® intersection preserves convexity
— for (any) collection of convex sets, C,

¢

cecC

is convex set (proof can be found in Proof 21)

® scalar scaling preserves convexity
— for convex set C

aC
Is convex set for any o € R
® sum preserves convexity
— for convex sets C' and D
C+ D

IS convex set
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® direct product preserves convexity

— for convex sets C' and D
C x D

IS convex set

® projection preserves convexity
— for convex set C C A X B

{r € A|(3y)((z,y) € C)}

IS convex

e image and inverse image by affine function preserve convexity
— for affine function f : A — B and convex sets C C A and D C B

f(C) & f~H(D)

are convex

® image and inverse image by linear-fractional function preserve convexity
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— for convex sets C C R"™, D C R"™ and linear-fractional function, g : R — R™,
i.e., function defined by g(x) = (Az 4+ b)/(c'x + d) for A € R™*", b € R™,
ceR" andd € R

9(C) & g~ (D)

are convex
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Proper cones and generalized inequalities

Definition 160. [proper cones] closed convex cone K which is
- solid, i.e., K° # ()
- pointed, i.e., x € vK and —x € K imply x = 0

called proper cone

e examples of proper cones: R” and S/
Definition 161. [generalized inequalities] proper cone K  defines
Inequalities
- (nonstrict) generalized inequality
T gy y—xze K
- strict generalized inequality

r<xy<sy—x€K°

e < and < are partial orderings
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Convex sets induced by generalized inequalities

e for affine function g : R" — S™, i.e., f(x) = Ao + A1z1 + - - - + Az, for some
Ao, ..., A, €S™, f71(ST) is convex (by Proposition 34), i.e.,

IS convex

e can negate each matrix A; and have same results, hence
{z € R"|Ag+ A1z1 + -+ Ayz, <0} CR"

is (also) convex
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Separating and supporting hyperplanes

Theorem 77. [separating hyperplane theorem] for nonempty disjoint convex sets C
and D, exists hyperplane which separates C' and D, 1i.e.

(3a £0 € R",b € R) (V& € C,y € D) (aT:c—I—bZO&:aTy—I—b§0)

Definition 162. [separating hyperplanes] for nonempty disjoint convex sets C' and
D, hyperplane satisfying property in Theorem 77, called separating hyperplane, said to
separate C and D

Theorem 78. [supporting hyperplane theorem] for nonempty convex set C' and x €
bd C, exists hyperplane passing through x, i.e.,

(Ja #0€ R") (Vy € C) (aT(y —x) < O)

Definition 163. [supporting hyperplanes] for nonempty convex set C' and x € bd C,
hyperplane satisfied property in Theorem 78, called supporting hyperplane

Searching for Universal Truths - Convex Optimization - Convex Sets 530



Sunghee Yun August 4, 2025

Dual cones

Definition 164. [dual cones] for cone K,
{z|vy € K,y = > 0}
called dual cone of K, denoted by

e the figure illustrates x € K™ while z € K~
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Dual norms

Definition 165. [dual norms] for norm || -

, fudnction defined by
T
y — sup{y z|||z|] < 1}

called dual norm of || -

|, denoted by

e examples

— dual cone of subspace V' C R"™ is orthogonal complement of V, VL, where
V= {ylvv € V,v"y =0}

- Ri and Si are self-dual

— dual of norm cone is norm cone associated with dual norm, i.e., if K = {(x,t) €
R" X R|||z]| <t}

K = {(y,u) € R" x Rl|lyll. < u}
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Properties of dual cones

Proposition 35. [properties of dual cones] for cones K, K1, and K,

- K™ is closed and convex

- K1 C Ky = K, C Ky

- if K° # (0, K* is pointed

if K is pointed, (K*)° # ()

K™ = (K™)" is closure of convex hull of K,

K™ is closed and convex

thus,
- if K is closed and convex, K™ = K

- dual of proper cone is proper cone

- for proper cone K, K™ = K
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Dual generalized inequalities

e dual of proper cone is proper (Proposition 35), hence the dual also induces generalized
inequalities

Proposition 36. [generalized inequalities and dual generalized inequalities] for proper
cone K,

- x <k y if and only if (VA =g+ 0)(M'z < ATy)
- x < y if and only if (VA =g+ 0 with A # 0)( Az < ATy)

K™ = K, hence above are equivalent to

- x <g* y if and only if (VA >k 0)(>\T9U < >\Ty)
- x <+ y ifand only if (VA =k 0 with A # 0)(A\ 'z < \Ty)
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Theorem of alternative for linear strict generalized inequalities

Theorem 79. [theorem of alternative for linear strict generalized inequalities] for proper
cone K CR™, AcR™" andb € R™,

Ax <k b
is infeasible if and only if exist nonzero A € R"" such that
AN£0, A=+ 0, AAA =0, A'b<0

Above two inequality systems are alternative, i.e., for any data, A and b, exactly one of
them is feasible. (proof can be found in Proof 22)
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Convex functions

Definition 166. [convex functions]

- function f : R"™ — R the domain of which is convex and which satisfies

(Vz,y € dom f,0 < 6 < 1) (f(0xz+ (1 —0)y) < O0f(z)+ (1—-06)f(y))

said to be convex

- function f : R™ — R the domain of which is convex and which satisfies
(V distinct x,y € dom f,0 < 0 < 1) (f(Ox+ (1 —0)y) < Of(x)+ (1 —0)f(y))

said to be strictly convex

Definition 167. [concave functions]

- function f : R™ — R the domain of which is convex where — f is convex, said to be
concave

- function f : R™ — R the domain of which is convex where — f is strictly convex,
said to be strictly concave
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Extended real-value extensions of convex functions

Definition 168. [extended real-value extension of convex functions] for convex function
f, function f : R" — R U {oc} defined by

=+ | f(zx) ifx €domf
f(ac)—{ 0O if t € dom f

called extended real-value extension of f
e using extended real-value extensions of convex functions, can drop “dom f" in

equations, e.g.,
— f is convex if and only if its extended-value extension f satisfies

(Vo,y € dom f,0 < 0 < 1) (f(0z+ (1 —0)y) < 0f(x) + (1 —0)f(y))
— f is strictly convex if and only if its extended-value extension f satisfies

(V distinct z,y € dom f,0 < 0 < 1) (f(0z + (1 —0)y) < 0f(z) + (1 — 0)f(v))
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First-order condition for convexity

Theorem 80. [first-order condition for convexity] differentiable f, i.e., dom f is
open and gradient V f exists at every point in dom f, is

- convex if and only if dom f is convex and
(Vz,y € dom f) (f(y) > f(2) + V() (y — 2))
- strictly convex if and only if dom f is convex and

(v distinct @,y € dom f) (f(y) > f(2) + Vf(2)" (y — @)

e Theorem 80 implies that for convex function f
— first-order Taylor approximation is global underestimator
— can derive global information from local information
- e.g., if Vf(x) =0, x is global minimizer
- explains remarkable properties of convex functions and convex optimization
problems
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Second-order condition for convexity

Theorem 81. [second-order condition for convexity] twice-differentiable f, i.e.,
dom f is open and Hessian V2f exists at every point in dom f, is convex if and
only if dom f is convex and

(Vx € dom f) <V2f(x) - O)
- ifdom f is convex and

(Vz € dom f) (VZf(a:) - o)

it is strictly convex
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Convex function examples

- assume function f : R” — R and dom f = R" unlesss specified otherwise
e affine function, i.e., f(x) = a’x + b for some a € R" and b € R, is convex

e quadratic functions - if f(x) = 2’ Px + ¢’ x for some P € S" and ¢ € R”
— fis convex if and only if P > O
— f is strictly convex if and only if P > 0O

e exponential function, i.e., f(z) = exp(a’z + b) for some a € R” and b € R, is
convex

e power, i.e., f(x) = x” for some a > 1, is convex on R,
e power of absolute value, i.e., f(x) = |x|” for some a > 1, is convex on R
e logarithm function, i.e., f(x) = log x, is concave on Ry,

® negative entropy, i.e.,

. xlogx ifx >0
f("”)_{o if 2 = 0

is convex on Ry
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e norm as function is convex (by definition of norms, i.e., triangle inequality & absolute
homogeneity)

e max function, i.e., f(x) = max(xy,...,x,}, is convex

e quadratic-over-linear function, f(x,y) = x*/vy, is convex on R X Ry
e log-sum-exp, f(x) = log(exp(x1) + - - - + exp(x,)), is convex

e geometric mean, f(z) = ([]i, z:)"/", is concave on R"} ,

e log-determinant, f(X) = logdet X, is concave on S’
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Sublevel sets and superlevel sets

Definition 169. [sublevel sets] for function f and o € R,

{z € dom f|f(x) < a}

called a-sublevel set of f

Definition 170. [superlevel sets] for function f and o € R,

{z € dom f|f(x) > a}

called a-superlevel set of f

Proposition 37. [convexity of level sets]

- every sublevel set of convex function is convex

- and every superlevel set of concave function is convex

e note, however, converse is not true
— e.g., every sublevel set of log is convex, but log is concave
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Epigraphs and hypographs

Definition 171. [epigraphs] for function f,

{(z,t)|x € dom f, f(z) < t}

called epigraph of f, denoted by

Definition 172. [hypographs] for function f,

{(z,t)|x € dom f, f(z) > t}

called hypograph of f, denoted by

Proposition 38. [graphs and convexity]

- function is convex if and only if its epigraph is convex

- function is concave if and only if its hypograph is convex
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Convexity preserving function operations

Proposition 39. [convexity preserving function operations]

® nonnegative weighted sum preserves convexity
— for convex functions f1, ..., fn, and nonnegative weights w1, ..., w,

wlfl ‘I_ T 'wnfn

IS convex

® nonnegative weighted integration preserves convexity
— for measurable set Y, w: Y — Ry, and f : X X Y where f(x,y) is convex in
x for every y € Y and measurable in y for every x € X

/Y w(y) f (z, y)dy

IS convex

® pointwise maximum preserves convexity
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— for convex functions f1, ..., fn

max{fi,..., fn}

IS convex

® pointwise supremum preserves convexity
— for indexed family of convex functions { fa}

sup f
AEA

is convex (one way to see this is episup, fn = [, epi f1)
® composition
— suppose g : R® > R*, h: R* > R, and f =hog
f convex if h convex & nondecreasing in each argument, and g; convex
f convex if h convex & nonincreasing in each argument, and g; concave
f concave if h concave & nondecreasing in each argument, and g; concave
f concave if h concave & nonincreasing in each argument, and g; convex

® minimization
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— for function f(x,y) convex in (x,y) and convex set C
inf
inf f(2,y)

is convex provided it is bounded below where domain is {x|(Jy € C)((x,y) €
dom f)} (proof can be found in Proof 23)

® perspective of convex function preserves convexity
— for convex function f : X — R, function g : X X R — R defined by

g(z,t) = tf(z/t)

with dom g = {(z,t)|z/t € dom f,t > 0} is convex

Searching for Universal Truths - Convex Optimization - Convex Functions 547



Sunghee Yun August 4, 2025

Convex functions examples
Proposition 39 implies

e piecewise-linear function is convex, 1.e.
- max{alT:c +b1,..., afnx + b, } for some a; € R™ and b; € R is convex
e sum of k largest components is convex, i.e.
- xp) + -+ + TR where ;) denotes i-th largest component, is convex (since
f(z) =max{z; + -+ ;|1 <i; <ia <--- <1 < n})
e support function of set, i.e.,
- sup{z’y|ly € A} for A C R™ is convex
e distance (when measured by arbitrary norm) to farthest point of set
- sup{||lz — yl|||ly € A} for A C R" is convex
e least-squares cost as function of weights
- inf__gn S wi(aiTx — b;)? for some a; € R™ and b; € R is concave

1
- note that above function equalsto >_7 , w;b7—>""  w?bia; (Z?ﬂ wjaja’jT) @i

but not clear whether i1t is concave
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e maximum eigenvalue of symmetric matrix

- Amax(F(2)) = sup{y F(z)y||lyllz2 < 1} where F : R” — S™ is linear function
in

e norm of matrix

- sup{ul G(z)v|||u|l2 < 1, ||v]z2 < 1} where G : R™ — R™*" is linear function
in x

e distance (when measured by arbitrary norm) to convex set
- for convex set C, inf{||z — y|||y € C}
e infimum of convex function subject to linear constraint
- for convex function h, inf{h(y)|Ay = x} is convex (since it is inf,(h(y) +
Lay=z(,9)))
e perspective of Euclidean norm squared
- map (x,t) — x’xz/t induces convex function in (x,t) for t > 0
e perspective of negative log
- map (z,t) — —tlog(x/t) induces convex function in (x,t) € RiJr
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e perspective of convex function
- for convex function f : R" — R, function g : R"” — R defined by

g(z) = (c'z + d)f((Az + b)/(c' & + d))

from some A € R™ "™ b € R, ¢ € R", and d € R with domg =
{z|(Az +b)/(c'z 4+ d) € dom f,c’x + d > 0} is convex
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Conjugate functions

Definition 173. [conjugate functions] for function f

sup (z'y — f(y))
yedom f

called conjugate function of f, denoted by

e conjugate function is convex for any function f because it is supremum of linear (hence
convex) functions (in ) (Proposition 39)

Inequality 15. [Fenchel’s inequality] definition of conjugate function implies
* T
flx)+f(y)=>2xy

sometimes called Young's inequality

Proposition 40. [conjugate of conjugate] for convex and closed function f
f** — f
where closed function f is defined by function with closed epi f
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Conjugate function examples

e strictly convex quadratic function
— for f : R” — Ry defined f(z) = 27 Qx/2 where Q € S’ ..

Fr@)=sup(y' = —y' Qu/2) =Wz —y Qy/2)|, g1, =2 Q 'z/2
)

which is also strictly convex quadratic function

e log-determinant
— for function f : ST — R defined by f(X) = logdet X!

f*(X> = sup (Tr XY + logdetY) = log det(—X)_1 —n
YES?__{_

where dom f* = —S7

e indicator function
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— for indicator function I4 : R — {0, 00} with A C R"

Iy(z) = Sl;p(yTw — Ia(y)) = sup{y =y € A}

which is support function of A

e |og-sum-exp function
— for function f : R" — R defined by f(z) = log(>_;_, exp(x;))

fi(x) = Z ziloga, + I o7, ()

1=1

® Nnorm

— for norm function f : R — R, defined by f(z) = ||z||

f(z) = Sgp(yTCL‘ — lyll) = Ljz<1(x)

® norm squared
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— for function f : R — R, defined by f(z) = ||z||*/2

f (@) = llz]2/2

e differentiable convex function
— for differentiable convex function f : R — R

()= W) Vi) - Flv)

where y* = argsup,(z'y — f(y))
e sum of independent functions

— for function f : R" X R™ — R defined by f(x,y) = fi(x) + fo(y) where
flzR”—>Randf2:Rm—>R

f(zy) = fi(z) + f5(y)
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Convex functions with respect to generalized inequalities

Definition 174. [ K-convex functions] for proper cone K,

- function f satisfying
(Vz,y € dom f,0 < 6 < 1) (f(6x + (1 —0)y) 2k 0f(z) + (1 —0)f(y))

called K-convex

- function f satisfying
(Vz #y € dom f,0 <0 <1)(f(0z+ (1 —-0)y) <k 0f(x) + (1 —-06)f(y))
called strictly K-convex

Proposition 41. [dual characterization of K-convexity] for proper cone K

- function f is K -convex if and only if for every w =i+ 0, w’ f is convex

- function f is strictly K -convex if and only if for every nonzero w > g+ 0, w’ f is
strictly convex
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Matrix convexity

Definition 175. [matrix convexity] function of R" into 8™ which is K-convex where

K = ST, called matrix convex

e examples of matrix convexity

— function of R"*"™ into S” defined by X — X X7 is matrix convex

— function of S” _ into itself defined by X +— X is matrix convex for 1 < p < 2 or
—1 < p <0, and matrix concave for 0 < p < 1

— function of S™ into S” | defined by X > exp(X) is not matrix convex

— quadratic matrix function of R™*" into S” defined by X — X7 AX 4+ BTX +
XTB+ Cfor AeS™, BeR™" and C € S™ is matrix convex when A = 0
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Optimization problems

Definition 176. [optimization problems] forf: F - R, q: Q — R", h: H — RP
where F', (Q, and H are subsets of common set X

minimize  f(x)
subject to q(x) X0
h(x) =0

called optimization problem where x is optimization variable

- f, g, and h are objective function, inequality & equality contraint function

q(x) =< 0 and h(x) = 0 are inequality contraints and equality contraints

D = F N QN H is domain of optimization problem

F ={x € D|q(x) X0, h(x) = 0}, called feasible set, x € D, said to be feasible
if t € F, optimization problem, said to be feasible if F # ()

p* = inf{f(x)|x € F}, called optimal value of optimization problem

if optimization problem is infeasible, p* = oo (following convention that infimum of
empty set is co)

if p* = —o0, optimization problem said to be unbounded
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Global and local optimalities

Definition 177. [global optimality] for optimization problem in Definition 176
- x € F with f(x) = p*, called (global) optimal point
- Xopt = {x € F|f(x) = p*}, called optimal set
- when Xt # 0, we say optimal value is attained or achieved and optimization

problem is solvable

e optimization problem is not solvable if p* = oo or p* = —oo (converse is not true)

Definition 178. [local optimality] for optimization problem in Definition 176 where X is
metric space, x € F satisfyinginf{f(z)|z € F,p(z,x) < r} wherep: X XX — Ry
Is metric, for some r > 0, said to be locally optimal, 7.e., x solves

minimize  f(z)

subject to q(z) =0
h(z) =0
p(z,z) <7
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Equivalent optimization problems

Definition 179. [equivalent optimization problems] two optimization problems where
solving one readily solve the other, said to be equivalent

e below two optimization problems are equivalent

minimize  —x — Yy
subjectto 2z +y <1
z+2y <1
minimize ~ —2u — v/3

subject to 4u +v/3 <1
2u 4+ 2v/3 <1

since if (z*,y™) solves first, (u,v) = (x*/2,3y") solves second, and if (u™, v™)
solves second, (z,y) = (2u™, v™/3) solves first
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Change of variables

e given function ¢ : Z — X, optimization problem in Definition 176 can be rewritten as

minimize  f(¢(2))
subject to q(¢(z)) X0

h(¢(z)) =0

where z € Z is optimization variable

e if ¢ is injective and D C ¢(Z), above optimization problem and optimization problem
in Definition 176 are equivalent, 7.e.
— Xopt Is optimal set of problem in Definition 176 = gb_l(Xopt) is optimal set of
above problem

— Zopt is optimal set of above problem = ¢(Z,pt) is optimal set of problem in
Definition 176

e two optimization problems said to be related by change of variable or substitution of
variable x = ¢(z)
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Convex optimization

Definition 180. [convex optimization] optimization problem in Definition 176 where
X is Banach space, i.e., complete linear normed vector space, f & q are convex functions,
and h is affine function, called convex optimization problem

- when X = R", optimization problem can be formulated as

minimize  f(x)
subject to q(x) <X 0
Ax = b

for some A € RP*" and b € RP

e domain of convex optimization problem is convex
— since domains of f, g, and h are convex (by definition of convex functions) and
intersection of convex sets is convex
e feasible set of convex optimization problem is convex
— since sublevel sets of convex functions are convex, feasible sets for affine function is
either empty set, singleton, or affine sets, all of which are convex sets
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Optimality conditions for convex optimization problems

Theorem 82. [local optimality implies global optimality] for convex optimization
problem (in Definition 180), every local optimal point is global optimal point

Theorem 83. [optimality conditions for convex optimality problems] for convex optimization
problem (in Definition 180), when f is differentiable (i.e., dom f is open and V f exists
everywhere in dom f)

- x € D is optimal if and only if x € F and

(vy € F) (Vf(2) (y — 2) > 0)
- for unconstrained problems, x € ‘D is optimal if and only if

Vf(x) =0
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Optimality conditions for some convex optimization problems

e unconstrained convex quadratic optimization
C e . T T
minimize f(x) = (1/2)x" Px + q'

where F* = R" and P € S
— x is optimal if and only if

Vf(r) =Pxr+q=0

exist three cases

- if P € S, exists unique optimum x* = —P g

- if g € R(P), Xopt = —P'q + N(P)
- ifg & R(P), p" = —o0

e analytic centering
minimize  f(z) = — 3" log(b; — a] x)
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where F' = {z € R"|Azxz < b}
— x is optimal if and only if

a; =0
b —aa:

Ms

Vi(z) =

exist three cases

- exists unique optimum, which happens if and only if {x|b; — a?w} IS nonempty
and bounded

- exist infinitely many optima, in which case, X is affine set

- exists no optimum, which happens if and only if f is unbounded below

® convex optimization problem with equality constraints only

minimize  f(x)
subjectto Ax = b

where X = R"
— x is optimal if and only if

Vf(x) LN(A)
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or equivalently, exists v € R” such that

Vf(z)=A"v
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Linear programming

Definition 181. [linear programming] convex optimization problem in Definition 180
with X = R" and linear f & q, called linear program (LP), which can be formulated as

minimize clx
subject to Cx <X d
Ax = b
wherec € R", C e R"™*", de R™, A R"*", be R’

- can transform above LP into standard form LP

(@}
o}

minimize
subject to

ST

Y &

o
S

567
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LP examples

e diet problem - find amount of n different food to minimize purchase cost while satisfying
nutrition requirements
— assume exist n food and m nutritions, c¢; is cost of food ¢, A;; is amount of nutrition
J contained in unit quantity of food ¢, b; is amount requirement for nutrition j
— diet problem can be formulated as LP

minimize clx

subjectto Ax > b
x>0

e Chebyshev center of polyhedron - find largest Euclidean ball contained in polyhedron
— assume polyhedron is {x € R”|a?x <b,i=1,...,m}
— problem of finding Chebyshev center of polyhedron can be formulated as LP

maximize T
subject to  alx + r|la;|ls < b;
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where optimization variables are x € R" and r € R

® piecewise-linear minimization - minimize maximum of affine functions

— assume m affine functions aZT:c + b;
— piecewise-linear minimization problem can be formulated as LP

minimize ¢
subject to a,;fpa:—l—bi <t, 21=1,...,m

e linear-fractional program

minimize  (c'xz +d) /(e z + f)
subject to Gz <X h
Ax = b

Searching for Universal Truths - Convex Optimization - Convex Optimization Problems

August 4, 2025

569



Sunghee Yun August 4, 2025

— if feasible set is nonempty, can be formulated as LP

minimize ¢’y + dz

subjectto Gy — hz <0
Ay — bz =20
ely+ fz=1
z>0
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Quadratic programming

Definition 182. [quadratic programming] convex optimization problem in Definition 180
with X = R" and convex quadratic f and linear q, called quadratic program (QP), which
can be formulated as
minimize  (1/2)z’ Pz + q'x
subject to Gx =X h
Ax = b

where P €S"t,q ¢ R", G R™" h&R™ AcR" becRP

e when P = 0, QP reduces to LP, hence LP is specialization of QP
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QP examples

® least-squares (LS) problems
— LS can be formulated as QP

minimize || Az — b]|3
e distance between two polyhedra
— assume two polyhedra {x € R"|Az < b,Cz = d} and {x € R"|Az < b, Cz =

d}
— problem of finding distance between two polyhedra can be formulated as QP

minimize ||z — y||3
subjectto Ax Xb, Cx =d
Ay b, Cy=d

572
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Quadratically constrained quadratic programming

Definition 183. [quadratically constrained quadratic programming] convex optimization
problem in Definition 180 with X = R" and convex quadratic f & q, called quadratically
constrained quadratic program (QCQP), which can be formulated as

minimize  (1/2)x" Pyx + qg x
subject to  (1/2)z’ Pix + q?az +r <0, i=1,...,m
Ax = b
where P, € S", ¢, € R", r; € R, A € RP*", b € R?

e when P, =0 forz=1,...,m, QCQP reduces to QP, hence QP is specialization of
QCQP
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Second-order cone programming

Definition 184. [second-order cone programming] convex optimization problem in
Definition 180 with X = R" and linear f and convex q of form

minimize  flx
subject to ||A2$—|—bz”2 < CZTQZ‘—I—CZZ', 1=1,...,m
Fx=g

where f € R", A, € R"%*", b, € R", c;, € R", d; € R, F € RP*", g € R? called
second-order cone program (SOCP)

e when b; = 0, SOCP reduces to QCQP, hence QCQP is specialization of SOCP
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SOCP examples

e robust linear program - minimize ¢’z while satisfying &iTa: < b; for every a; €
{a; + Pul||u||]2 < 1} where P, € S™
— can be formulated as SOCP

minimize clx
subject to  a! x + || P x|ls < b

e linear program with random constraints - minimize ¢’ = while satisfying &iTac < b; with
probability no less than 1 where a ~ N (a;, 2;)
— can be formulated as SOCP

minimize cl'e

subject to  alz + &1 (n)||S *z|l2 < b;
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Geometric programming

Definition 185. [monomial functions] function f : R, — R defined by

f(@) = cayt - ay”

where ¢ > 0 and a; € R, called monomial function or simply monomial

Definition 186. [posynomial functions] function f : R | — R which is finite sum of
monomial functions, called posynomial function or simply posynomial

Definition 187. [geometric programming] optimization problem
minimize  f(x)
subject to q(x) <1
h(z) =1

for posynomials f : R" . — R & q : R}, — R"™ and monomials h : R, . — R”, called
geometric program (GP)
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Geometric programming in convex form

e geometric program in Definition 187 is not convex optimization problem (as it is)

e however, can be transformed to equivalent convex optimization problem by change of
variables and transformation of functions

Proposition 42. [geometric programming in convex form]| geometric program (in
Definition 187) can be transformed to equivalent convex optimization problem

minimize  log Ef:ol exp((ag)))Ty + bg))))
subject to  log Zszll exp((a,(j))Ty + b,@)) <0 i1=1,...,m
Gy =h

for some a](:) € R", b,(:) € R, G € RP*™", h € RP where optimization variable is

y = log(z) € R"
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Convex optimization with generalized inequalities

Definition 188. [convex optimization with generalized inequality constraints] convex
optimization problem in Definition 180 with inequality constraints replaced by generalized
inequality constraints, i.e.

minimize  f(x)
subject to  q;(x) ~x;0 1=1,...,q
h(x) =20

where K; C RYi are proper cones and q; : Q; — R are K;-convex, called convex

optimization problem with generalized inequality constraints
e problem in Definition 188 reduces to convex optimization problem in Definition 180

when ¢ = 1 and K| = RT, hence convex optimization is specialization of convex
optimization with generalized inequalities
e like convex optimization
— feasible set is 7 = {x € D|qi(z) <K, 0, Az = b} is convex
— local optimality implies global optimality
— optimality conditions in Theorem 83 applies without modification
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Conic programming

Definition 189. [conic programming] convex optimization problem with generalized
inequality constraints in Definition 188 with linear f and one affine q

minimize  f(x)
subject to q(x) <g 0
h(x) =0
called conic program (CP)

- can transform above CP to standard form CP
minimize  f(X)
subject to h(X) =0

X >0

e cone program is one of simplest convex optimization problems with generalized
Inequalities
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Semidefinite programming

Definition 190. [semidefinite programming] conic program in Definition 189 with
X =R"and K =S

minimize el

subjectto x1F1+ - -+ x,F,,+ G X0
Ax = b
where F, ..., F,,G € S* and A € RP*", called semidefinite program (SDP)
- above inequality, called linear matrix inequality (LMI)

- can transform SDP to standard form SDP

minimize  Tr(CX)
subject to Tr(A;X)=0b; 1=1,...,p
X =0

where X = S" and C, Ay, ..., A, € S" and b; € R
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SDP examples

o LP

- if Kk = m, F, = diag(Cy,,...,Cn:), G = —diag(dy,...

Definition 190, SDP reduces to LP in Definition 181
— hence, LP is specialization of SDP

e SOCP
— SOCP in Definition 184 is equivalent to

minimize 'z
subjectto Fx =g
T : T AT T
c;, x + d; CI?TAZ—I—bZ 0 i=1,.

August 4, 2025

, dp) in

., M

which can be transformed to SDP in Definition 190, thus, SDP reduces to SOCP

— hence, SOCP is specialization of SDP

Searching for Universal Truths - Convex Optimization - Convex Optimization Problems

581



Sunghee Yun August 4, 2025

Determinant maximization problems

Definition 191. [determinant maximization problems] convex optimization problem
with generalized inequality constraints in Definition 188 with X = R" of form

minimize  — logdet(x1C1 + - -+ + x,C,, + D) + cl'x

subject to x1F1+ - -+ x, F, + G <0
—ZUlcl——CCnCn—D'<O

Ax = b

where ¢ € R®, Cy,...,C,,D € S, Fy,...,F,,G € S*, and A € RP*", called
determinant maximization problem or simply max-det problem (since it maximizes
determinant of (positive definite) matrix with constraints)

o fl=1 C1=---=C,, =0, D =1, max-det problem reduces to SDP, hence SDP

is specialization of max-det problem
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Diagrams for containment of convex optimization problems

e the figure shows containment relations among convex optimization problems

e vertical lines ending with filled circles indicate existence of direct reductions, i.e.,
optimization problem transformations to special cases

LP

‘ !
6’\‘ ]
( ll |
7 ]

SDP

\/ max-det
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Lagrangian

Definition 192. [Lagrangian] for optimization problem in Definition 176 with nonempty
domain D, function L : D x R™ x R? — R defined by

Lz, A\, v) = f(z) + X q(z) + v' h(z)

called Lagrangian associated with the optimization problem where

- A, called Lagrange multiplier associated inequality constraints g(x) =< 0

- \;, called Lagrange multiplier associated i-th inequality constraint g;(z) < 0
- v, called Lagrange multiplier associated equality constraints h(x) = 0

- v;, called Lagrange multiplier associated i-th equality constraint h;(z) = 0

- X and v, called dual variables or Lagrange multiplier vectors associated with the
optimization problem
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Lagrange dual functions

Definition 193. [Lagrange dual functions] for optimization problem in Definition 176
for which Lagrangian is defined, function g : R™ X RP — R U {—oc} defined by

g(\v) = inf Lz, A\, v) = inf (f(2) + \"q(@) + v ()

called Lagrange dual function or just dual function associated with the optimization
problem

® g is (always) concave function (even when optimization problem is not convex)
- since is pointwise infimum of linear (hence concave) functions is concave

e g(\,v) provides lower bound for optimal value of associated optimization problem,
1.€.,

g\ v) <p’
for every A > 0 (proof can be found in Proof 24)
o (\,v)e{(\V)|IA>=0,9(N\,v) > —o0}, said to be dual feasible
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Dual function examples

e LS solution of linear equations

minimize xlx
subjectto Ax = b

— Lagrangian - L(z,v) = 2’2 + v (Az — b)
— Lagrange dual function

1
g(v) = —ZI/TAATI/ — by

e standard form LP
minimize clx

subjectto Ax = b
x >~ 0

— Lagrangian - L(z, \,v) =c'a — Xz 4+ v (Axz — b)
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— Lagrange dual function

by AT —A+ec=0
— 00 otherwise

g\ v) = {
- hence, set of dual feasible points is {(AYv 4 ¢, v)|ATv + ¢ = 0}
e maximum cut, sometimes called max-cut, problem, which is NP-hard

minimize ' W
subject to 7 = 1

where W € S"
— Lagrangian - L(z,v) = 27 (W 4+ diag(v))z — 11z
— Lagrange dual function

[ =1y W +diag(v) = 0
g(v) = { —00  otherwise

- hence, set of dual feasible points is {v|W 4+ diag(v) > 0}
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e some trivial problem
minimize  f(x)
subjectto x =0
— Lagrangian - L(z,v) = f(z) + v'x
— Lagrange dual function

g(v) = inl_‘,fn(f(fv) +viz)=—sup ((—v) @ — f(z)) = —f"(-v)

xe azERn

- hence, set of dual feasible points is — dom f*, and for every f : R — R and
v € R"

—f (=v) < £(0)

e minimization with linear inequality and equality constraints

minimize  f(x)
subjectto Ax <X b
Cx=d
— Lagrangian - L(z, \,v) = f(z) + X' (Az — b) + v (Cz — d)
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— Lagrange dual function
gw)==b'Ax—d'v—f(=A"N=Cc")

- hence, set of dual feasible points is {(\, v)| — A"\ — C*v € dom f*, A > 0}

e equality constrained norm minimization

minimize  ||z||
subjectto Ax = b

— Lagrangian - L(z,v) = ||z|| + v' (Az — b)
— Lagrange dual function

g(v) = —b'v — Su§n((—ATV>Tw — llz]]) =
xre

_bTV ”ATV”* <1
— 00 otherwise

- hence, set of dual feasible points is {v|||AT v, < 1}
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e entropy maximization
minimize >  x;logx;
subjectto Ax < b
172 =1
where domain of objective function is R} |
— Lagrangian - L(z, \,v) = > z;logx; + A (Az — b) + v(17x — 1)
— Lagrange dual function

g\, v) = —b'XA—v—exp(—v —1) Z exp(a?)\)
i=1
obtained using f*(y) = > .., exp(y; — 1) where a; is i-th column vector of A

e minimum volume covering ellipsoid

minimize  — logdet X
subject to aiTXai <1 2=1,...,m

where domain of objective function is S/ |
— Lagrangian - L(X,\) = —logdet X + 3" Xi(a] Xa; — 1)
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— Lagrange dual function

logdet(3-" Niaia) ) — 1" A +n 37" Naa, =0
— 00 otherwise

g(A) = {

obtained using f*(Y) = —logdet(—=Y) — n
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Best lower bound

o for every (A,v) with A > 0, Lagrange dual function g(\,v) (in Definition 193)
provides lower bound for optimal value p* for optimization problem in Definition 176

e natural question to ask is

— how good is the lower bound?
— what is best lower bound we can achieve?

e these questions lead to definition of Lagrange dual problem
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Lagrange dual problems

Definition 194. [Lagrange dual problems] for optimization problem in Definition 176,
optimization problem

maximize  g(A, v)

subjectto A >~ 0
called Lagrange dual problem associated with problem in Definition 176

- original problem in Definition 176, (somestime) called primal problem

- domain is R™ x RP

- dual feasibility defined in page 586, i.e., (A, v) satisfying A = 0 g(\,v) > —o0
indeed means feasibility for Lagrange dual problem

- d" = sup{g(\,v)|N € R, v € RP, \ > 0}, called dual optimal value

- (A%, v") = argsup{g(A\,v)|A € R™, v € R, A\ > 0}, said to be dual optimal
or called optimal Lagrange multipliers (if exists)

e Lagrange dual problem in Definition 194 is convex optimization (even though original
problem is not) since g(\, v) is always convex
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Making dual constraints explicit dual problems

e (out specific) way we define Lagrange dual function in Definition 193 as function g of
R™ x RP into RU {—o0}, i.e., dom g = R" X R”

e however, in many cases, feasible set {(A,v)|A = 0 g(\,v) > —oco} is proper
subset of R" x R”

e can make this implicit feasibility condition explicit by adding it as constraint (as shown
in following examples)
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Lagrange dual problems associated with LPs

e standard form LP

— primal problem

minimize el

subject to Ax = b
x>~ 0
— Lagrange dual problem

. by ATy —A4+c¢c=0
maximize Q(Aa ’/) — — 00 otherwise

subjectto A >~ 0

(refer to page 588 for Lagrange dual function)
- can make dual feasibility explicit by adding it to constraints as mentioned on
page 595
maximize —blv
subjectto A > 0
ATy - A4+ ¢c=0

Searching for Universal Truths - Convex Optimization - Duality 596



Sunghee Yun August 4, 2025

- can further simplify problem

maximize —blv
subjectto ATv 4+ ¢ >0

— last problem is inequality form LP
— all three problems are equivalent, but not same problems
— will, however, with abuse of terminology, refer to all three problems as Lagrange dual
problem
e inequality form LP

— primal problem
T

minimize ¢ x
subjectto Ax < b
— Lagrangian
L(z,A) =c' 2+ X' (Az — b)

— Lagrange dual function

{ "N ATA+c=0

_ T . T T —
g(A) = —b A+ men(C—l_A A) — 00 otherwise

xre
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— Lagrange dual problem

—bI'N ATXN+c=0
— 00 otherwise

maximize g(A) = {
subjectto A >~ 0

- can make dual feasibility explicit by adding it to constraints as mentioned on

page 595
maximize —blv
subject to ATA+c¢=0
A~=0

— dual problem is standard form LP

e thus, dual of standard form LP is inequality form LP and vice versa

e also, for both cases, dual of dual is same as primal problem
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Lagrange dual problem of equality constrained optimization problem

e cquality constrained optimization problem
minimize  f(x)

subjectto Ax = b

e dual function

g(v) = inf (f(z)+ vV (Az — b)) = —b'v— sup (—v' Az — f(x))

rE€dom redom f

= —bv—f(=A"D)

e dual problem
maximize —b'v — f*(—A'V)
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Lagrange dual problem associated with equality constrained
guadratic program

e strictly convex quadratic problem

minimize  f(x) = ' Px 4 qT:c + r
subjectto Ax = b

— conjugate function of objective function

f (2)=(xz—q) ' P N (z—q)/4—r =2 P 'a/4—q ' P 'z /24q P 'q/4—7

— dual problem

maximize —v (AP 'ANYw/4— (b+ AP 'q/2)"v —q' P lq/4+ 7
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Lagrange dual problems associated with nonconvex quadratic
problems

e primal problem
minimize xl Az 4+ 2b7x
subject to  zTx <1
where A € S, A ZS"”,and b € R"”

— since A % 0, not convex optimization problem
— sometimes called trust region problem arising minimizing second-order approximation

of function over bounded region

e Lagrange dual function

O = —bT(A4+ADTb—X A+ XX >0, be R(A+ )
g ]l —o0 otherwise

where (A + AI)" is pseudo-inverse of A + \T
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e Lagrange dual problem

maximize —bT(A + )\I)Tb — A
subjectto A4+ Al >0, be R(A+ M)

where optimization variable is A € R

— note we do not need constraint A > O since it is implied by A + AI > 0

— though not obvious from what it appears to be, it is (of course) convex optimization
problem (by definition of Lagrange dual function, i.e., Definition 193)

— can be expressed ar

maximize — > (g/ b)*/(Ni + A) — A
subject to A > —Anin(A)

where \; and q; are eigenvalues and corresponding orthogormal eigenvectors of A,
when \; + X = 0 for some i, we interpret (g; b)?/0 as 0 if ¢/ 0 and oo otherwise
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Weak duality

e since g(A,v) < p” for every A > 0, we have
d* = sup{g(A, V)| € R™, v € R”, X = 0} < p’

Definition 195. [weak duality] property that that optimal value of optimization problem
(in Definition 176) is always no less than optimal value of Lagrange daul problem (in
Definition 194)

called weak duality

- d* is best lower bound for primal problem that can be obtained from Lagrange dual
function (by definition)

- weak duality holds even when d* or/and p™ are not finite, e.qg.

— if primal problem is unbounded below so that p* = —oo, must have d* = —oco,
i.e., dual problem is infeasible

— conversely, if dual problem is unbounded above so that d* = oo, must have
p* = oo, i.e., primal problem is infeasible

Searching for Universal Truths - Convex Optimization - Duality 603



Sunghee Yun August 4, 2025

Optimal duality gap

Definition 196. [optimal duality gap] difference between optimal value of optimization
problem (in Definition 176) and optimal value of Lagrange daul problem (in Definition 194),
i.€.

p* . d*
called optimal duality gap

e sometimes used for lower bound of optimal value of problem which is difficult to solve
— for example, dual problem of max-cut problem (on page 588), which is NP-hard, is

minimize —17v
subject to W 4 diag(v) >~ 0

where optimization variable is v € R"

- the dual problem can be solved very efficiently using polynomial time algorithms
while primal problme cannot be solved unless n is very small
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Strong duality

Definition 197. [strong duality] if optimal value of optimization problem (in
Definition 176) equals to optimal value of Lagrange daul problem (in Definition 194),
i.€.

p* — d*
strong duality said to hold

e strong duality does not hold in general
— if it held always, max-cut problem, which is NP-hard, can be solved in polynomial
time, which would be one of biggest breakthrough in field of theoretical computer
science
— may mean some of strongest cryptography methods, e.g., homeomorphic
cryptography, can be broken
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Slater’s theorem

e exist many conditions which guarantee strong duality, which are called constraint
qualifications - one of them is Slater’s condition

Theorem 84. [Slater’s theorem] if optimization problem is convex (Definition 180),
and exists feasible x € D contained in relint D such that

q(x) <0 h(zx)=0

strong duality holds (and dual optimum is attained when d* > —o0)

- such condition, called Slater’s condition

- such point, (sometimes) said to be strictly feasible

when there are affine inequality constraints, can refine Slater's condition - if first k
inequality constraint functions q1, . . ., qx are affine, Slater’s condition can be relaxed to

gi(z) <0 i=1,...,k q(zx)<0 i=k+1,....,m h(z)=0
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Strong duality for LS solution of linear equations

e primal problem

minimize xlr

subjectto Ax = b

e dual problem
maximize g(v) = —iv"AATY — bV

(refer to page 587 for Lagrange dual function)

e ‘“dual is always feasible” and “primal is feasible = Slater's condition holds”, thus
Slater's theorem (Theorem 84) implies, exist only three cases

— (d=p"€R)or(d" € R&P" =00)or (d" =p" = c0)

e if primal is infeasible, though, b &€ R(A), thus exists z, such that ATz = 0 and
blz # 0, then line {tz|t € R} makes dual problem unbounded above, hence d* = oo

e hence, strong duality always holds, i.e., (d* = p* € R) or (d" = p* = oc0)
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Strong duality for LP

e cvery LP either is infeasible or satisfies Slater's condition

e dual of LP is LP, hence, Slater’'s theorem (Theorem 84) implies
— if primal is feaisble, either (d* = p* = —o0) or (d* = p* € R)
— if dual is feaisble, either (d* = p* = c0) or (d* = p* € R)
— only other case left is (d* = —oc0 & p* = o0)

- indeed, this pathological case can happen
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Strong duality for entropy maximization

e primal problem
minimize Z?:l x; log x;
subjectto Ax <X b
172 =1

e dual problem (refer to page 591 for Lagrange dual function)

maximize —b'A\ —v —exp(—v — 1) 31", exp(a; \)
subjectto A > 0

e dual problem is feasible, hence, Slater’s theorem (Theorem 84) implies, if exists x > 0
with Az < b and 17z = 1, strong duality holds, and indeed d* = p* € R

e by the way, can simplify dual problem by maximizing dual objective function over v

maximize —b' X —log (31, exp(a; \))
subjectto A >~ 0

which is geometry program in convex form (Proposition 42) with nonnegativity contraint
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Strong duality for minimum volume covering ellipsoid

e primal problem
minimize  — logdet X
subject to a;-rXa,Z- <1l 2=1,...,m
where D = ST |

e dual problem

log det(> 1", Niagal ) — 1" XN +n S iaza] = 0
— 00 otherwise
subjectto A > 0

maximize {

(refer to page 592 for Lagrange dual function)

e X = «fl with large enough o > 0 satisfies primal's constraints, hence Slater’s
condition always holds, thus, strong duality always holds, i.e., (d* = p* € R) or
(d" =p" = —o0)

e in fact, R(ai,...,an,) = R" ifand only if d* = p* € R"
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Strong duality for trust region nonconvex quadratic problems

e one of rare occasions in which strong duality obtains for nonconvex problems

e primal problem
minimize xl Az 4+ 2b7x
subject to z'x <1
where A € S", A¢Z S, and b € R"

e lLagrange dual problem (page 602)

maximize —b7 (A + AI)Tb — X
subjectto A+ X >0, be R(A+ A\I)

e strong duality always holds and d* = p* € R (since dual problem is feasible - large
enough X\ satisfies dual constraints)

e in fact, exists stronger result - strong dual holds for optimization problem with quadratic
objective and one quadratic inequality constraint, provided Slater’s condition holds
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Matrix games using mixed strategies

e matrix game - consider game with two players A and B
— player A makes choice 1 < a < n, player B makes choice 1 < b < m, then player

A makes payment of P, to player B
— matrix P € R™™™, called payoff matrix
— player A tries to pay as little as possible & player B tries to received as much as

possible
— players use randomized or mixed strategies, i.e., each player makes choice randomly
and independently of other player's choice according to probability distributions

Prob(a=i) =u;i=1<i<n Probb=j)=v;i=1<j3<m

e expected payoff (from player A to player B)

Z Z ’UJi’UjPij = UTP’U
J

1
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e assume player A's strategy is known to play B
— player B will choose v to maximize u! Pv

sup{u’ Pv|v =0, 1’0 =1} = max (PTu)j
<j<m

— player A (assuming that player B will employ above strategy to maximize payment)
will choose © to minimize payment

minimize maX1§j§m(PTu)j
subjectto u >0 1fu=1

e assume player B's strategy is known to play A
— then player B will do same to maximize payment (assuming that player A will
employ suc